CONVERGENCE OF A MASS CONSERVING ALLEN-CAHN EQUATION
WHOSE LAGRANGE MULTIPLIER IS NONLOCAL AND LOCAL

MATTHIEU ALFARO AND PIERRE ALIFRANGIS

ABSTRACT. We consider the mass conserving Allen-Cahn equation proposed in [8]: the
Lagrange multiplier which ensures the conservation of the mass contains not only nonlocal
but also local effects (in contrast with [14]). As a parameter related to the thickness of a
diffuse internal layer tends to zero, we perform formal asymptotic expansions of the solu-
tion. Then, equipped with this approximate solution, we rigorously prove the convergence
to the volume preserving mean curvature flow, under the assumption that a classical solu-
tion of the latter exists. This requires a precise analysis of the error between the actual and
the approximate Lagrange multipliers.

1. INTRODUCTION

Setting of the problem. In this paper, we consider u. = uc(z,t) the solution of an Allen-
Cahn equation with conservation of the mass proposed in [8], namely

fofw) o
fQ AW (u,)
supplemented with the homogeneous Neumann boundary conditions

Ou,
ov

(1.1) Owue = Aue + e% flue) — W (ue) in Q x (0, 00),

(1.2) (z,) =0 ondQ x (0,00),

and the initial conditions
(1.3) Ue(z,0) = g.(z) in Q.

Here 2 is a smooth bounded domain in RY (N > 2) and v is the Euclidian unit normal
vector exterior to J€2. The small parameter ¢ > 0 is related to the thickness of a diffuse
interfacial layer. The term

(1.4) e flu@ ) dr

fQ VAW (ue (2, t)) do

can be understood as a Lagrange multiplier for the mass constraint

d
(1.5) %/Qus(x,t) dz = 0.

Let us notice that (1.4) combines nonlocal and local effects (see below).

The nonlinearity is given by f(u) := —W'(u), where W (u) is a double-well potential
with equal well-depth, taking its global minimum value at v = £1. More precisely we
assume that f is C2 and has exactly three zeros —1 < 0 < +1 such that

(1.6) f/(£1) <0, f'(0) >0 (bistable nonlinearity),
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and
(1.7) f(—=u) = —=f(u) (odd nonlinearity).

The condition (1.6) implies that the potential W (u) attains its local minima at v = =1,
and (1.7) implies that W(—1) = W (+1), so that the two stable zeros of f, namely +1,
have “balanced” stability. For the sake of clarity, in the computations we restrict ourselves
to the case where

1
(1.8) flu) =u(l —u?), Wu)= 1(1—u2)2.
This will simplify the presentation of the asymptotic expansions and is enough to capture
all the features of the problem. For a more general odd and bistable nonlinearity, one would
only has to make additional expansions of f(u) in Section 4 and Section 6.

Remark 1.1. A more general assumption than (1.7) ensuring balanced stability is f_+11 f=
0. In this case, this is not clear whether or not our result applies. For instance an additional
term will appear in (4.35) and so in (4.46), so that h; = 0 in (5.2) may fail. Since this
last property is the main reason for introducing equation (1.1) (see below), we did not go
further into the proof for this more general case.

The initial data g. are well-prepared in the sense that they already have sharp transition
layers whose profile depends on €. The precise assumptions on g. will appear in (2.10).
For the moment, it is enough to note that —1 < g. < 1 and that, for a subsequence ¢ — 0,

(1.9) lim g. =
e—0

—1 a.e. in the region enclosed by I'y
41 a.e. in the region enclosed between OS2 and Iy,

where 'y CC Q is a given smooth bounded hypersurface without boundary.
Our goal is to investigate the behavior of the solution u. of (1.1), (1.2), (1.3),as e — 0.

Related works and comments. It is long known that, even for not well-prepared initial
data, the sharp interface limit of the Allen-Cahn equation dyu. = Au. + =2 f(u.) moves
by its mean curvature. As long as the classical motion by mean curvature exists, it was
proved in [12] and an optimal estimate of the thickness of the transition layers was provided
in [2]. Let us also mention that, recently, the first term of the actual profile of the layers
was identified [3]. If the mean curvature flow develops singularities in finite time, then a
generalized motion can be defined via level-set methods and viscosity solutions, [18] and
[15]. In this framework, the convergence of the Allen-Cahn equation to generalized motion
by mean curvature was proved by Evans, Soner and Souganidis [17] and a convergence rate
was obtained in [1].

The above results rely on the construction of efficient sub- and super-solutions. Nev-
ertheless, when comparison principle does not hold, a different method exists for well-
prepared initial data. It was used e.g. by Mottoni and Schatzman [24] for the Allen-Cahn
equation (without using the comparison principle!); Alikakos, Bates and Chen [4] for the
convergence of the Cahn-Hilliard equation

(1.10) O + A <5Aus + if(us)> =0,

to the Hele-Shaw problem; Caginalp and Chen [10] for the phase field system... The idea is
to first construct a solution u. ; of an approximate problem thanks to matched asymptotic
expansions. Next, using the lower bound of a linearized operator around such a constructed
solution, an estimate of the error ||u. — ue k|| L is obtained for some p > 2.

Using these technics, Chen, Hilhorst and Logak [14] considered the Allen-Cahn equa-
tion with conservation of the mass

1 1
(1.11) Oiue = Aug + 2 <f(u5) — |Q|/Qf(u5)> ,
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proposed by [25] as a model for phase separation in binary mixture. They proved its
convergence to the volume preserving mean curvature flow

(1.12) V, = —n+i kdH™ ' onTy.

Te| Jr,
Here V,, denotes the velocity of each point of I'; in the normal exterior direction and  the
sum of the principal curvatures, i.e. N — 1 times the mean curvature. For related results,
we also refer the reader to the works [9] (radial case, energy estimates) and [22] (case of a
system).

In a recent work, Brassel and Bretin [8] proposed the mass conserving Allen-Cahn
equation (1.1) as an approximation for mean curvature flow with conservation of the vol-
ume (1.12). According to their formal approach and numerical computations, it seems
that “(1.1) has better volume preservation properties than (1.11)”. In other words, for
the approximation of mean curvature with volume constraint, they numerically observe an
O(e?) error for the conservation of the volume using (1.1), whereas an O(¢) error is ob-
served when using (1.11). This is clearly related to the cancellation of the e-terms in the
forthcoming expansions, see (4.17), (5.2) and Remark 1.1. Let us notice that, as far as the
local Allen-Cahn equation is concerned, such an improvement of the accuracy of phase
field solutions, thanks to an adequate perturbation term, was already performed in [20] or
in [11].

In the present paper we prove the convergence of (1.1) to (1.12). Observe that in (1.11)
the conservation of the mass (1.5) is ensured by the Lagrange multiplier *ﬁ fQ f(ue)
which is nonlocal, whereas in the considered equation (1.1) the Lagrange multiplier (1.4)
combines nonlocal and local effects. On the one hand, this will make the outer expansion
completely independent of the inner one, and will cancel the € order terms of all expansions
(see Section 4). On the other hand, this makes the proof of Theorem 2.3 much more
delicate since further accurate estimates are needed (see subsection 6.1). In other words,
in the study [14] of (1.11), it turns out that the nonlocal Lagrange multipliers “disappear”
while estimating the error estimate u. — u. . This will not happen in our context and our
key point will be the following. Roughly speaking, our estimates of subsection 6.1 will
make appear an integral of the error on the limit hypersurface which must be compared
with the L2 norm of the error. If the former is small compared with the latter then the
Gronwall’s lemma is enough. If, as expected, the error concentrates so that the former
becomes large compared with the latter, then the situation is favorable: a “sign minus”
intends at decreasing the L? norm of the error (see subsection 6.1 and Remark 6.2 for
details).

To conclude let us mention the work of Golovaty [21], where a related equation with a
nonlocal/local Lagrange multiplier is considered. The convergence to a weak (via viscos-
ity solutions) volume preserving motion by mean curvature is proved via energy estimates.
The author takes advantage of the fact that, under the mass constraint, the equation he con-
siders is the gradient flow of the same energy functional as its local counterpart, namely
Jo (3IVul? + £W (u)). The equation (1.1) we consider here does not have such a prop-
erty. We therefore use different methods which, moreover, allow to capture a fine error
estimate between the actual solution and the constructed approximate solution.

2. STATEMENT OF THE RESULTS

The flow (1.12). Let us first recall a few interesting features of the averaged mean curva-
ture flow (1.12). It is volume preserving, area shrinking and every Euclidian sphere is an
equilibrium. The local in time well posedness in a classical framework is well understood
(see Lemma 2.1 for a statement which is sufficient for our purpose). It is also known that
local classical solutions with convex initial data turn out to be global. Additionally, there
exist non-convex hypersurfaces (close to spheres) whose flow is global. For more details
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on the averaged mean curvature flow (1.12), we refer the reader to [19], [23], [16] and the
references therein.

Lemma 2.1 (Volume preserving mean curvature flow). Let g CC 2 be a subdomain such
that Ty := 0Qq is a smooth hypersurface without boundary. Then there is T™* € (0, 0]
such that the averaged mean curvature flow (1.12), starting from Iy, has a unique smooth
solution Up<<pmas (T'y X {t}) such that Ty CC Q, forall t € [0, ™).

In the sequel, for I'g as in (1.9), we fix 0 < T' < T™** and work on [0, T']. We define

I':= Uogth(Ft X {t})7

and denote by ), the region enclosed by I';. Let us define the step function @ = @(z, t) by

- -1 ith
2.1 1) = — forallt € (0,7,
1) Wz, 1) {+1 no\q@, rattelT

which represents the sharp interface limit of u. as € — 0. Let d be the signed distance
function to I" defined by

(2.2) d(z,t) = _d?St(l’yI‘t) forx € B
dist(x,Ty) forxz e Q\ Q.

Main results. Let us notice that, since —1 < g. < 1, it follows from the maximum
principle that —1 < u. < 1. Also since g. # 1 and g. # —1, the conservation of the mass
implies u. # 1 and u. # —1. This enables to rewrite equation (1.1) as

23) O — Aup — Eiz (Flue) —Me()(1—w?) =0 inQ x (0,00),
by defining

Ue Ue — u53
(2.4) eX(t) = fﬂf% = f}; [t

Our first main result consists in constructing an accurate approximate solution.

Theorem 2.2 (Approximate solution). Let us fix an arbitrary integer k > max(N,4).
Then there exists (uc i (7,1), \e k(1)) peq, o<t <7 Such that

1
(2.5) Ouck — Augy — = (f(uer) — e —ucr?®)) =6 in Q2 x (0,7),

with
(2.6) H(557k |Loc(Q><(()’T)) = O(Ek) as € — 0,
and

3u€ k
2.7 —=(z,t) =0 ondQ2 x(0,T),

ov
d

(2.8) pr Ue i (z,t)de =0 forallt € (0,T).

Q

Observe that by integrating (2.5) over {2 and using (2.7) and (2.8), we see that

o fg f(ue,k) + O(€k+2)
- Jo1 = ues® .

Then we prove the following estimate, in the L? norm, on the error between the approx-
imate solution u, j and the solution u..

(2.9) eXek(t)
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Theorem 2.3 (Error estimate). Let us fix an arbitrary integer k > max(N,4). Let u. be
the solution of (1.1), (1.2), (1.3) with the initial conditions satisfying

(210) gs(‘r) = ua,k(‘rvo) + ¢€(£E) € [_17 1]7 /Q¢E = 07 H¢€”L2(Q) = O(Ek_

Then, there is C > 0 such that, for € > 0 small enough,

[SE

).

_1
sup |[|ue(+,t) = ue k(1) L2 (o) < Ce¥72.
0<t<T

As it will be clear from our construction in Section 5, the approximate solution satisfies

[te e = Al Loo (£(@20): |d(a,t) | 2vEY) = OE*?), ase =0,
with « the sharp interface limit defined in (2.1) via the volume preserving mean curvature
flow (1.12) starting from I'y. We can therefore interpret Theorem 2.3 as a result of conver-
gence of the mass conserving Allen-Cahn equation (1.1) to the volume preserving mean
curvature flow (1.12):

sup [|ue(-,t) — a(-, )| 2y = O(/*), ase — 0.
0<t<T

Organization of the paper. The organization of this paper is as follows. In Section 3 we
present the needed tools which are by now rather classical. In Section 4, we perform for-
mal asymptotic expansions of the solution (u.(x,t), A(t)). This will enable to construct
the approximate solution (us x(x,t), Ac x(t)), and so to prove Theorem 2.2, in Section 5.
Last we prove the error estimate of Theorem 2.3 in Section 6. In particular and as men-

tioned before, a precise understanding of the error between the actual and the approximate
Lagrange multipliers will be necessary (see subsection 6.1).

Remark 2.4. Through the paper, the notation . ~ >, e%a; represents asymptotic ex-
pansion as e — 0 and means that, for all integer k, 1. = Zf:o gl + O(ek+1).
3. PRELIMINARIES

For the present work to be self-contained, we recall here a few properties which are
classical in the works mentioned in the introduction, [25], [4], [24], [10], [11], [14], [22],
and the references therein.

3.1. Some related linearized operators. We denote by 6y (p) := tanh(
wave solution of

) the standing

Sk

90” + f(@o) =0 on R,

90(—00) = —1, 90(0) = 0, 90(00) = 1,
which we expect to describe the transition layers of the solution u. observed in the stretched
variable. Note that, for all m € N,
3.1) D™8o(p) — (£1)] = O(e™2Fl) a5 p — toc.

We then consider the one-dimensional underlying linearized operator around 6, acting
on functions depending on the variable p by

(3.2) Lu = —uy, — f'(6o(p))u.

Lemma 3.1 (Solvability condition and decay at infinity). Let A(p, s,t) be a smooth and
bounded function on R x U x [0,T], with U C RN~! a compact set. Then, for given
(s,t) € U x [0,T), the problem

{ Lip = =1y, — ['(00(p))1) = A(p,5,1)  onR,
t) € L™

1/)(0757’5) =0, 1/)('a3» ) L (R)v
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has a solution (which is then unique) if and only if

(3.3) / A(p, s,t)00"(p) dp = 0.
R
Under the condition (3.3), assume moreover that there are real constants AT and an
integer i such that, for all integers m, n, l,
3.4 D;”D?Di[A(p, s5,t) — AT] = (’)(|p|ie_‘/§‘p‘) as p — +oo,

uniformly in (s,t) € U x [0, T). Then
+

fr(£1)

(3.5) D;’LD;LDi[z/)(p, s,t) + = O(lpl'e™ V2Pl as p — +o0,

uniformly in (s,t) € U x [0,T).

Proof. The lemma is rather standard (see [4], [2] among others) and we only give an outline
of the proof. Multiplying the equation by fy" and integrating it by parts, we easily see that
the condition (3.3) is necessary. Conversely, suppose that this condition is satisfied. Then,
since " is a bounded positive solution to the homogeneous equation ¥, + /(0o (p))¢) =
0, one can use the method of variation of constants to find the above solution ¥ explicitly:

vlpos.) = 00p) [ (eo"2(<> /< NG d£> ac.

0

Using this expression along with the estimates (3.4) and (3.1), one then proves (3.5). O

Note also, that after the construction of the approximate solution u,. j, we shall need the
estimate of the lower bound of the spectrum of a perturbation of the self-adjoint operator
—A — e 2 f"(ue,i) proved in [13]. This will be stated in Section 6.

3.2. Geometrical preliminaries. The following geometrical preliminaries are borrowed
from [14], to which we refer for more details and proofs.

Parametrization around I'. As mentioned before, we call I' = Up<;<7(I'y x {t}) the
smooth solution of the volume preserving mean curvature flow (1.12), starting from I'g;
we also denote by €2, the region enclosed by I';. Let d be the signed distance function to I"
defined by

—dist(z,I'y) forxz e

(5.6) di@,t) = { dist(z,Ty) forx € Q\ Q.

We remark that d is smooth in a tubular neighborhood of I', say in
N3s(Ty) :i={z € Q: |d(z,t)] < 35},

for some § > 0. We choose a parametrization of I'; by X (s,t), with s € U C RN ~1. We
denote by n(s,t) the unit outer normal vector on 9 = T';. For any 0 < ¢ < T, one can
then define a diffeomorphism from (—34, 3§) x U onto the tubular neighborhood N3s(T;)
by
X(r,s,t) = Xo(s,t) +rn(s,t) = x € N3s(Ty),
whose inverse is denoted by r = d(x,t), s = S(z,t) := (SY(x,t),---, SNz, 1)).
Then Vd is constant along the normal lines to I';, and the projection S(x,t) from x on
T'; is given by Xo(S(z,t),t) = x — d(z,t)Vd(z,t). For x = Xo(s,t) € T'; denote by
ki(s,t) the principal curvatures of I'; at point « and by V (s,t) := (Xo)¢(s,t).n(s,t) the
normal velocity of I'; at point z. Then, one can see that
N-1

(3.7) K(s,t) 1= Y ki(s,t) = Ad(Xo(s, 1), 1),

=1
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N-1
(3.8) -3 K —(VA.VAd)(Xo(s,1),t),
i=1
(3.9) Vs, t) :i= (Xo)e(s,t).n(s, t) = —de(X(r, s,t), ).

In particular, d;(x,t) is independent of » = d(x,t) in a small enough tubular neighbor-
hood of T';. Changing coordinates form (z,t) to (r, s,t), to any function ¢(x,t) one can
associate the function ¢(r, s, t) by

QE(T, Svt) = ¢(X0(Sat) + Tn(svt)vt) or ¢($,t) = (;;(d(x,t), S(l’,t),t).

The stretched variable. In order to describe the sharp transition layers of the solution w,
around the limit interface, we now introduce a stretched variable. Let us consider a graph
over I'; of the form

¢ ={X(r,s,t): r=cho(s,t),s €U},
which is expected to represent the 0 level set, at time ¢, of the solution u.. We define the

stretched variable p(z, t) as “the distance from x to I’ in the normal direction, divided by
€”, namely

d(x,t) —eh(S(x,t),t)
. )

In the sequel, we use (p, s,t) as independent variables for the inner expansion. The link
between the old and the new variable is

x=X(p,s,t):=X (elp+he(s,t),s,t) = Xo(s,t) +e(p—+ he(s, t))n(s, ).

Changing coordinates form (z, t) to (p, s, t), to any function ¢(z, t) one can associate the
function v (p, s,t) by

(3.11) V(p, 5,1) = P(Xo(s,1) +e(p + he(s,8))n(s, 1), 1),
or (x, t) = (Und=che(S@D.D gy 4) ). A computation then yields

(O — A) = = by, — e(V + Ad)i),
(3.12) + 205 — AUp — (85 he — AV )ib,]
+ 22V h. Ve, — [V R ?9,,).

(3.10) plx,t) =

where
N-1 N-1 N-1 N-1 _

O =0+ Y Sioy, VI = Y VS0, A= > AS0u+ Y VS VS,
i=1 i=1 i=1 i,5=1

Here Ad is evaluated at (z,t) = (Xo(s,t) + e(p + he(s,t))n(s,t),t), so that (3.7) and
(3.8) imply

Ad = Ad(Xo(s,t) +e(p+ he(s,t))n(s,t),t)
(G.13) ~ h(s,t) — e(p+ he(s,0))bi(s,t) = Y e (p+ he(s, 1)) bi(s, 1),
1>2

where b;(s,t) (i > 2) are some given functions only depending on T';.
Last, define
eJ%(p, 5,t) = 0X(p,s,t)/0(p, s)
the Jacobian of the transformation X so that, in particular, dz = £J¢(p, s, t) dsdp. Then,
forallpe R, s e Uand 0 <t < T, we have
N-1
(3.14) T (pys,t) = [][1+e(p+h(s,1))ki(s,1)].

=1
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4. FORMAL ASYMPTOTIC EXPANSIONS

In this section, we perform formal expansions for the solution u.(z,t) of (2.3). We
start by the outer expansion to represent the solution “far from the limit interface”, then
make the inner expansion to describe the sharp transition layers. Last, the expansion of the
nonlocal term A, (t) is performed. In the meanwhile we shall also discover the expansion
of the correction term h, (s, t) defined in (3.10).

We assume that the solution u, (x, t) is of the form
4.1 ue(,t) = uF (t) ;= +1 + euf(t) + 2uf(t) +--- (outer expansion),
for x € Qy (corresponding to uz (), z € Q\ € (corresponding to uX (¢)), and away
from the interface I';, say in the region where |d(z,t)| > /¢ as we expect the width of
the transition layers to be O(e). Near the interface I';, i.e. in the region where |d(z,t)| <

V€, we assume that the function 4. (p, s,t) — associated with u.(x,t) via the change of
variables (3.11)— is written as

4.2) ic(p,s,t) =ug(p,s,t) +cui(p,s,t) + c2us(p,s,t) +---  (inner expansion).

We also require the matching conditions between outer and inner expansions, that is, for
alli € N,

4.3) u;i(F00,5,t) = ui(t) (matching conditions),

for all (s,t) € U x [0,T]. As we expect the set p = 0 to be the 0 level set of the solution
(see subsection 3.2) we impose, for all : € N,

4.4) u;(0,8,t) =0 (normalization conditions),
for all (s,t) € U x [0, 7).

As far as the nonlocal term A, (t) is concerned we assume the expansion
4.5) Ae(t) = Ao(t) +eri(t) +e®Xa(t) +---  (nonlocal term).
Last, the distance correcting term h. (s, t) is assumed to be described by
(4.6) he(s,t) = ehy(s,t) + 2ho(s,t) +--- (distance correction term),
for all (s,t) € U x [0, 7).

In the following, by the (complete) expansion at order 1 we mean

{d(z,t), \o(t), u1(p, 5, t),u(t)}  (expansion at order 1),
and by the (complete) expansion at order ¢ > 2 we mean
4.7) {hi_1(s,t), \i_1(t), ui(p, 5, t),uE(t)}  (expansion at order i > 2).

Let us also recall that we have chosen

Flu) = u(l —u?), W)= 10— )

4.1. Outer expansion. By plugging the outer expansion (4.1) and the expansion (4.5) into
the nonlocal partial differential equation (2.3), we get

(4.8) () (t) = uz (t) — (uz (t)* = eAc((1 = (uz (1))*).

Since uX (t) ~ > >0 eluE (t), where uf (t) = 41, an elementary computation yields

—eA O = (@) =Y D M) D wue) | e

i1 \p+q=i,q#0 k+l=q
and

W) =Y | D0 up () Y w1 ] £

i>0 \p+g=i k+l=q
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Hence, collecting the ¢ terms in (4.8), we discover 0 = ui (t) — 3ui (t)(ui(t))? so that

ui (t) = 0. Next, an induction easily shows that

uF(t)=0 foralli> 1.
Therefore the outer expansion is already completely known and is trivial:

(4.9) uf(t) = £1.

€

In other words, thanks to the adequate form of the Lagrange multiplier, the outer expansion
is independent of the expansion of the nonlocal term. This is in contrast with the equation
considered in [14].

4.2. Inner expansion. It follows from (3.12) that, in the new variables, equation (2.3) is
recast as

(4.10) Ue pp + Ue — (i) = ede(t)(1 — (u)?) —e(V + Ad)ic,
+e2[0F i — AV, — (0P he — Arhs)u}p]
+52[2VFhE.Vngp — |VFh5|21i€pp}.
The ° terms. By collecting the £° terms above and using the normalization and matching

conditions (4.3), (4.4) we discover that ug(p, s,t) = 0p(p), with 0, the standing wave
solution of

(411) { 90 + f(eo) =0 on R,

(90(—00) = —1, 90(0) = 0, 90(00) =1.

Formally, this solution represents the first approximation of the profile of the transition

layers around the interface observed in the stretched coordinates. Note that since f(u) =

u — u3, one can even compute 6y (p) = tanh(%).

The ¢! terms. Next, since . (p, s,t) & > .o ui(p, s, t)e’, where ug(p, s,t) = bo(p), an
elementary computation yields B

(4.12) () (1= () (p,s, ) = =D | D M()By(pysit) | e,
i>0 \ptg=i

where

60°(p) — 1 ifg=0

ZkJrl:q uk(pa S7t>ul(pasvt) lfq Z 17

5!1(% Sat) = {

and also

(4.13) (u})S(ms,t)%Z Z up(p, s, t) Z ug(p, s, t)u(p, s,t) | €.

i>0 \p+g=i k+l=q

Hence, plugging the expansion (3.13) of Ad into (4.10) and collecting the ¢ terms, we
discover

(4.14)  Luy == —u1p, — ' (Bo(p))ur = (V + &)(5,6)00" (p) — (1 — 00 (p)) Ao (t).
For the above equation to be solvable (see Lemma 3.1 for details) it is necessary that, for

all (s,) € U x [0,7T],

/ Lur(p, 5, 1)60' (p) dp = 0,
R

which in turn yields
Jo (1= 60)60

(4.15) Vs, t) = —k(s,t) + aXo(t), o= =
Jr 0o
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As seen in subsection 3.2 the above equation can be recast as

(4.16) di(z,t) = Ad(z,t) —oXo(t) for z €Ty.

Now, in view of (4.11), we can write 0 = [~ (60" + f(60))60" = [~ (6" — W' (60))60’
and find the relation 1 — 6% = /26, so that 0 = /2. Plugging this and (4.15) into (4.14)
we see that Lu; = 0. Therefore, the normalization u, (0, s,¢) = 0 implies

(4.17) ui(p, s,t) = 0.

Again this is in contrast with the equation considered in [14].

The <’ terms (i > 2). Now, taking advantage of uo(p, s,t) = 0o (p) and of u; (p, s,t) =0

we identify, for i > 2, the £’ terms in all terms appearing in (4.10). In the sequel we omit

the arguments of most of the functions and, by convention, the sum Zz isnull if b < a.
Using (4.13) we see that the €’ term in 1 ,, + . — (1z)® is

i—2 i—2
(4.18) —Lu; — 00> urti g — Y up Y ugw  (term 1),
k=2

p=2  k+tl=i—p
In view of (4.12), the ' term in e\, (¢)(1 — (1ic)?) is
(4.19) VRTINS R (term 2).
p+q=i—1,q#0 k+l=q

In order to deal with the term —(V + Ad)uc ,, we first note that (3.13) and (4.6) yield
the following expansion of the Laplacian

4.20) Ad~ k — Z (brh; + 6;) Ei,
i>1
with
4.21) 8 =0i(p,s,t) =Y _ (s, b)p"
k=0

a polynomial function in p of degree lower than i, whose coefficients ¢ (s, t) are them-
selves polynomial in (h1, ..., h;—1) which are part of the formal expansion at lower orders,
and in (b1, ...b;) which are given functions. Among others, we have 1 (p, s,t) = b1(s,t)p
and d(p, s,t) = ba(s,t)(p + hi(s,t))?. Combining u., ~ ' + e?ug, + - -+ and (4.20),
we next discover that the & term in —e(V + Ad), is
(4.22) bihi—100" + §;—160¢" — (V+ k) UGi—1)p

+ Z;;Sl (bihp + 6p) Uii—1-p)p (term 3).

We see that the £’ term in e?[0f 1. — AT, — (0f he — ATh. )i ] is given by

(4.23) (OF — AVYyu;_o — (08 — ATYh; 160y — Zi(a{ — A hpui—1-p)p (term 4).
p=1
Note that
eV e ~ VI P+ ) 2V h VI iy ) €
i>3
where
1 = ni(s,t) = Z VEihyi1(s,1).V gy (s,t)

pHq=i—2,p7#0,q#0
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depends only on the derivatives of hy,...,h;_o. Combining this with ui. ,,, = 0" +£2ug,, +
.-, we discover that the ¢’ term in —&?| V" he |2, ,, is

i—3
@24 =BV RV hi—1)00" — [V R [Pugi—ayp — Z kU pp (term 5),

k=0
where «, = (s, t) depends only on the derivatives of hy,....,h;_o and 82 = 0, 5; = 2 if
7> 3.

Last, since Vru}p ~ e*Vluy, + - - -, we see that the & term in &2 [ZVth.VFu}p] is
i—2
(4.25) 23 V'hiy k. Viug,  (term6).
k=2

Hence, in view of the six terms appearing in (4.18), (4.19), (4.22), (4.23), (4.24), (4.25),
when we collect the ' term (i > 2) in (4.10) we face up to
(4.26)
Lu; = (Mrhi_l)eol — (1 — 902))\1'_1 —|—,Bl (th1 .Vrhi_1)90” + |th1 ‘QU(ifg)pp +R;_1

where M denotes the linear operator acting on functions h(s, ) by
4.27) MPh = 0h — ATh — byh,

and where R;_; = R;_1(p, s,t) contains all the remaining terms. Observe that, for the
solvability condition for (4.26) to provide the equation (4.33) for h;_1 (s, t), it is important
that R;_, does not “contain” h;_1. Therefore, we have to leave the term |Vrh1 ‘ZU(i_Q) op
outside R;_; for the case ¢ = 2, but with a slight abuse of notation we can “insert”
|VEha[Pugi—a),, in Ri—y fori > 3. As an example, for i = 2 we see that

(4.28) Ri(p,s,t) = —01(p,5,8)80' (p) = =b1(s,)po’ (p),
so that we infer that, for all integers m, n, I,
(4.29) DT DPDY[Ri(p, s.t)] = O(pleV2Pl)  as p — o0,
uniformly in (s, ). Now, for ¢ > 3, we isolate the “worst terms” —which are the §;’s— in
R;_1 and write
i—3
(4.30) Riy=—6i160" = dptui1—p)p +Ti 1,
p=1
where r;_1 = r;_1(p, s,t) contains all the remaining terms.

Lemma 4.1 (Decay of R;_1). Let i > 2. Assume that, for any 1 < k < ¢ — 1, there holds
that, for all integers m, n, [,

4.31) D:,"D?Di[uk(p7 s,t)] = (’)(|p|k_1e_‘/§‘”‘) as p — +oo,
uniformly in (s,t) € U x [0,T). Then, for all integers m, n,
(4.32) D;”D?Dé[Ri_l(p, s,t)] = O(|p|i_1e_‘/§|p|) as p — +oo,

uniformly in (s,t) € U x [0, T).

Proof. Let us have a look at expression (4.30) of R;_;. By a tedious but straightforward
examination of the six terms (4.18), (4.19), (4.22), (4.23), (4.24), (4.25), one can write the
exact expression of R;_; appearing in (4.26) and, so, that of r;_; appearing in (4.30). In
view of this exact expression (that we do not write here) and of estimates (4.31), one can
see that r;,_1 (p, s, t) depends only on

o V(s,t), k(s,t), bi(s,t),...,bi(s,t) which are bounded given functions

o No(t), ..y Ai—a(t)
e hi(s,t),...,hi—2(s,t) and their derivatives w.r.t. s and ¢
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e ug(p, s,t) which is equal to 8y(p), u1 (p, s, t) which vanishes, ..., u;—1(p, s,t) and
their derivatives w.r.t. p, s and ¢

in such a way that it is O(|p|"~2e~V2ll) as p — +o0. Concerning the term

i—3
—0;— 1(p,8 t 90 2510 p78 t u(l 1-p)p>
p=1

the fact that it behaves like (4.32) follows from (4.31) and the fact that J,(p, s, t) grows
like |p|P, as seen in (4.21). O

Now, in virtue of Lemma 3.1, the solvability condition for equation (4.26) yields, for all

(s:t),
(4.33) (Mrhi_1)(8,ﬁ)/ 90/2 — )\i_l(t)/(l — 902)90/ + / Ri—l(', s,t)eo/ =0.
R R R

Note that the term —3;(V"hy. VI h;_1)6," does not appear above since [ 6”6y = 0.
Note also that the term —|V!'hy |2u(i,2) pp does not appear for the same reason if ¢ = 2,
and because it can be “inserted” in I2;_1 for ¢ > 3 without altering the fact that R;_; does
not depend on h;_; (see also the explanations after (4.27)). The above equality can be
recast as

(4.34) (M hi 1) (5,8) = oM (1) — 0 / Ri_1(p, 5,600/ (p) dp,
R

with ¢ defined in (4.15) and ¢* := (fR 00/2) ! . Note that, thanks to 1 — 002 =20, we
have o = /2 (as seen before) and also o* = 3/2.
In order to construct the terms u; for ¢ 2 2 by induction, let us first examine the case

1 = 2. From (4.28) and the fact that fR p00’2(p) dp = 0 (odd function), we see that (4.34)
reduces to

(4.35) (MEhy)(s,t) = oA (1).

Assume that h; satisfies the above equation. Then since u; = 0 trivially satisfies (4.31),

Lemma 4.1 implies that Ry (p, s, t) together with its derivatives are O(|ple=V2/l) as p —
+o00. It follows from Lemma 3.1 that

(4.36) Lug = (MPh1)8y — (1 — 600*)A1 + [V hi[200” + Ry,

admits a unique solution uz(p, s,t) such that uz(0, s,t) = 0, which additionally satisfies
Dy Dy Di[uz(p, s, )] = O(|ple™V27)).

Now, an induction argument straightforwardly concludes the construction of the inner
expansion.

Lemma 4.2 (Construction by induction). Let i > 2. Assume that, forall 1 < k <i—1
the term wuy, is constructed such that

(4.37) D;"D?Di[uk(p7 s,t)] = (’)(|p|k_1e_‘/§"") as p — %oo,

uniformly in (s,t) € U x [0,T]. Assume moreover that h;_1(s,t) satisfies the solv-
ability condition (4.34). Then one can construct u;(p, s,t) solution of (4.26) such that
u;(0,s,t) = 0 and

(4.38) D;”D?Di [u;(p,s,t)] = O(|p|i_1e_\/§|”|) as p — +oo,
uniformly in (s,t) € U x [0,T].
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4.3. Expansion of the nonlocal term )\_(t) and the distance correction term h_(s,t).
By following [14, subsection 5.4] with 1/ playing the role of J, we see that an asymptotic
expansion of the conservation of the mass (1.5) yields

_d
where I; = 0, since in our case u2 ( ) = =+1, and
(4.40) I = / Oz (p, s, t)eJe(p, s,t)dpds,
lpl<1/ve
(4.41) I3 = / (=V — 0 he)(s,t) O,iic(p, 5,t) I (p, 5,t) dp ds,
lpl<1/ve

Combining dF := 8, + SN 518, with ug(p, s,t) = 0(p) and u, (p, s, t) = 0, we
see that

i (p,s,t) ~ Zs 3t+253 k]ui(p, s,t).

i>2
In view of the above inner expansion, this 1mphes

O iic(p,s,t) = > 'O <|p|i—le—ﬂ\p\) 7

i>2

where O ( | p|i_1e_\/§|p|> depends only on expansions at orders < ¢ — 1. By plugging this

into (4.40), we get
Lix) e,
i>3
where v;_o = 7;_2(t) depends only on expansions at orders < i — 2.
We now turn to the term 3. We expand
(—=V =} he) (s,1) = dy(Xo(s, t),t) — Y "0} by
i>1

and
Opiic(p, 5,t) = 00" (p) + > €'Opuip, s,1).
i>2
Expanding the Jacobian (3.14) and using (3.7), we get
Ja(pv S, t) ~1+ Ad(X()(57 t)v t) g(p + ha(su t)) + Zgi/‘iflv
i>2
where p;—1 = pi—1(p, s, t) depends only on expansions at orders < i — 1. Multiplying the
three above equalities, we see that the integrand in I3 expands as
00'dy + €0’ [~0 b1 + hadyAd + pdy Ad] + Y £'00' (=0} hi + hidy Ad + v; 1),
i>2
where v;_1 = v;_1(p,s,t) depends only on expansions at orders < i — 1. We inte-
grate this over s € U and |p| < 1/1/ and, using fp|<1/f‘90 ~ [500'(p)dp = 2 and
So1<1/vz 080’ (p) dp = 0 (odd function), we discover

713 /dt s,t) ds—l—s/( Ol hy + (diAd)hy)(s,t) ds

+Z [/ 8trh1 + (thd)hl)(s,t) ds + w;_1 ,

1>2
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where w;_1 = w;_1(t) depends only on expansions at orders < ¢ — 1. Using (4.16) to
substitute d;, (4.35) to substitute 9} hy, (4.34) to substitute O} h;, we have

1
5]3 ~ / (Ad — 0')\0) ds + E/ (—Arhl — blhl — O‘)\l + (thd)hl) ds
U U

+ Zgi |:/ (—Arhi — blhz — U/\i + (thd)hZ) ds + Ci_l ’
i>2 u

where (;_1 = (;—1(t) depends only on expansions at orders < ¢ — 1.
Last, using fU ATh; ds = 0, we see that I + I5 =~ 0 reduces to

(4.42) oXo(t) = Ad(-,t)
(4.43) o (t) = —[b1(-,t) — di(-, ) Ad(-, )] (-, )
(4.44) oXi(t) = =[b1(,t) — du(-, ) A, O hi (-, t) + Aia (B) (1> 2),

where ¢(+) := ﬁ Jiy ¢ denotes the average of ¢ over I'; (parametrized by U), and A; 1 (t)

depends only on expansions at orders < ¢ — 1. Moreover if we plug (4.42), (4.43) and
(4.44) into (4.16), (4.35) and (4.34), we have the following closed system for d, h1,.., h;
onU x [0,T]:

(4.45) dy = Ad — Ad(-,t)
(4.46) 0} hy = Ahy +bihy — [b1(,t) — de( ) Ad(, )[R (-, T)
“4.47) 8{]11 = Aphl + brh; — [b1(',t) — dt(',t)Ad(yt)}hi(',t) + Ai_l(t) (Z > 2)

5. THE APPROXIMATE SOLUTION U j, Ac k

In order to construct our desired approximate solution and prove Theorem 2.2, let us first
explain how the previous section enables to determine, at any order, the outer expansion
(4.1), the inner expansion (4.2), the expansion of the nonlocal term (4.5), and the expansion
of the distance correction term (4.6).

First, as seen before, the outer expansion (4.1) is already completely known since
uE(t)=0foralli> 1.

Recall that I' = Up<;<7(I'y x {t}) denotes the unique smooth evolution of the volume
preserving mean curvature flow (1.12) starting from 'y CC €2, to which we associate the
signed distance function d(z,t). Hence, defining Ay (¢) as in (4.42) and u;(p, s,t) = 0 as
in (4.17), we are equipped with the first order expansion

(5.1) {d(z,t), Ao (t),u1(p, s, t) = 0}.

Next, since I'; is a smooth hypersurface without boundary, there is a unique smooth so-
lution h(s,t) to the parabolic equation (4.46). Assuming hq(s,0) = 0 for s € U, we
see that hi(s,t) = 0, which combined with (4.43) yields A1 () = 0. Notice that these
cancellations are consistent with the observation of [8] that “(1.1) has better volume pre-
serving properties than the traditional mass conserving Allen-Cahn equation (1.11)”. In
Section 4, we have defined us(p, s,t) as the solution of (4.36), which now reduces to
Lug = —bi(s,t)phy’(p). This completes the second order expansion, namely

(5.2) {h1(s,t) = 0, A\1(t) = 0, ua2(p, s,1)}.

Now, for ¢ > 2, let us assume that expansions {hy_1(s,t), Ax—1(t), ux(p, s,t)} are con-
structed for all 2 < k < 4. Therefore we can construct A;_;(t) appearing in (4.47).
Assuming h;(s,0) = 0 for s € U, there is a unique smooth solution h;(s,t) to the para-
bolic equation (4.47). This enables to construct \;(¢) via (4.44). Now, h; (s, t) satisfies the
solvability condition (4.34) at rank 7, so that Lemma 4.2 provides u;+1(p, s, t), the solu-
tion of (4.26) at rank ¢ 4+ 1 with u;41(0, s,¢) = 0. This completes the construction of the
i + 1-th order expansion {h;(s,t), \;(t), u;+1(p, 8, 1) }.
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Note also that, from the above induction argument, we also deduce the behavior (4.38)
for all the u;(p, s,t)’s.

Proof of Theorem 2.2. We are now in the position to construct the approximate solution
as stated in Theorem 2.2. Let us fix an integer & > max (N, 4). We define

k+2
de p(z,t
pealet) = L |de ) = 3 eh(S(w0.0)| = FE0,
k+3

ul (1) == 0o (pe k(. 1)) Z‘E ui(pe k(2. 1), S(, 1), 1),

ugﬁf(x,t) =z, t),
k+2
)‘z-: k = )\0 + ZE )\

where « is the sharp interface limit defined in (2.1). We introduce a smooth cut-off function
¢(2) = ¢-(z) such that

Iy

() =1 if 2] <V,
() =0 if 2] > 22,
0<2(/(z) <4 ifVE<|o| <2V

Forz € Qand 0 < ¢t < T, we define

ul p(@,t) = ¢(d(w, t)uly (@, 1) + [1 = ¢(d(w, )]uly (z,1).

If ¢ > 0 is small enough then the signed distance d(x, t) is smooth in the tubular neighbor-
hood N /z(T'), and so is u’" (x,t). This shows that u? , is smooth.

Plugging (u? ; (z,t), Ac(t)) into the left-hand side of (2.5), we find a error term 67 , (w, t)
which is such that

e 07 (2, t) = 0on {|d(z,t)| > 2\/e} since, then, u} , = ull = +1,

o |67kl = O(¥?) on {ld(x,t)| < \/&} since, then, uf, = ul"} and the
expansions of Section 4 were done on this purpose,

o [|07 ]l = O(e*"), for any integer k*, on {\/¢ < |d(x, )| < 2[} since, then,
the decaying estimates (3.1) and (4.38) imply that u?  — u‘”jct =ul, — £l =

I

_ 2
O(e v ), valid also after any differentiation.

Hence |67 1 [| Lo (@x(0.1)) = O(£*+2), which is even better than (2.5). Also u? . clearly
satisfies (2.7).

Now, to ensure the conservation of the mass of the approximate solution, we add a
correcting term (which depends only on time) and define

1
e () 5= 2o 8) + 7o / (U o (,0) — u? (2, 1)),
Q

which then satisfies (2.8), and still (2.7). Note also that subsection 4.3 implies that the
correcting term

t
/ (u 1 (,0) — u? (1)) dr = — / / Oyl (, 7) drde
Q QJo

is O("*2) together with its time derivative. Hence, when we plug uc x = u? , +O(eF+?)
into the left-hand side of (2.5), we find a error term ¢, ,, whose L> norm is O(ek). U
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6. ERROR ESTIMATE

We shall here prove the error estimate, namely Theorem 2.3. For ease of notation,
we drop most of the subscripts € and write u, A, ug, Ak, i for ue, Ae, Us k, Aok, Ock
respectively. By || - ||, || - |l2+p we always mean || - ||z2(q), || - ||2+r(q) Tespectively. In
the sequel, we denote by C' various positive constants which may change from places to
places and are independent on £ > 0.

Let us define the error
R(z,t) = u(z,t) — ug(x,t).

Clearly | R|| L~ < 3. It follows from the mass conservation properties (1.5), (2.8), and the
initial conditions (2.10) that

(6.1) / R(z,t)dz =0 forall0<t<T, |R(-0)||=0(""7).
Q

We successively subtract the approximate equation (2.5) from equation (2.3), multiply
by R and then integrate over €. This yields

1d 2 2 i / 2
s [ == [R5 [ pr
1

(6.2) 1
+ 5 [0 = ) = P mR = [ - A
where
63) A=AQ) = / [EA(1 —u?)R — e (1 — up®)R).
Q

Since (f(u) — f(ur) — f'(ug) R)R = —3ur R® — R* = O(R?*?), where p := min(+,1),
we have

1
2

[0 = 1) = P RR] < ZOIRED < SCIRPIVAP,

where we have used the interpolation result [14, Lemma 1]. We also have | fQ 5kR| <
[0k [l [|1R] = O(¥)[| ], so that
d 1
IRI IR <~ [ IVRP+ 5 [ fur
(6.4) dt 9 et Ja
1 1
+ 5—201||1“?IV’IIVRH2 +O(M|R] — =h

We shall estimate A in the following subsection. As mentioned before, this term is the
main difference with the case of a strictly nonlocal Lagrange multiplier: its analogous for
equation (1.11) is (e X — eAg) fQ R which vanishes, see [14].

Since k£ > max(N, 4) we have k — % > % = %, so that the second estimate in
min( 5,
(6.1) allows to define t. > 0 by
6.5) t. := sup {t > 0,0 <7 <t,||R(-7)| < (201)—1/%4/17} .

We need to prove that . = T and that the estimate O(¢*/P) is actually improved to
O(*~2). In the sequel we work on the time interval [0, ¢.].

6.1. Error estimates between the nonlocal/local Lagrange multipliers. It follows from
(2.9) that the term A under consideration is recast as

A A k+2
(6.6) A=Ap Arp 0T

= g
B B, B, ™
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where
Ak = Ak(t) = / f(uk), Bk = Bk(t) = / 1-— Uk2, Ek = Ek(t) = / (1 — ukz)R,
Q Q Q
and A, B, F the same quantities with « in place of wuy.
Lemma 6.1 (Some expansions). We have, as € — 0,
A =e’a+0(e%), Br=ef+0(),

where
N-1
a=alt) = /U > wils.0)ds / pf(Bo(p)) dp,  B:=2v2|U],

and
Ey, = O(Ve|R]).

Proof. We have seen in Section 5 that u;, = u} + O(¥%2) so it is enough to deal with A7,
By, and E}. The lemma is then rather clear from the expansions of Section 4. We have

A= / flup)(z,t) de = / fuzp)(z,t) dm-l—(’)(e_%)
dlmisavE jd(a,t)|<vE
= / / f(e()(p) + 0(62))€J5(p, S’t) dsdp n 0(6_27\/\2)
U J|p|<1/+/E

Using J*(p,s,t) = L+ ep> 1 kil t) + O(e2) and [, oy, = [(Bo(p)) dp = 0 (odd
function), one obtains the estimate for A. The estimate for B} follows the same lines and
is omitted. Last, the Holder inequality yields | Ey| < ([, (1—ux?)?)Y?|R|| = O(vE|R])
since, again, do = &J¢(p, s,t) ds dp. O

As a first consequence of the above lemma, it follows from (6.6) that

_ A4 Ay, k+3
(6.7) A= EEf B—kEkJrO(s IR

Next, in view of the above lemma, u = uy + R and | R|| = O(g*/P), we can thus perform
the following expansions

A:Ak+/(1—3uk2)R—3/ukRQ—/RS
Q Q Q
Ay 4 3E -3 / wR? + O(| 2 1),
Q

sincefQRZO,
B 2 [LuxR [, R\
-1 1(1_ 2Ja _Ja
B " =By (1 By By >
. 2 fouR [ R (2 [ uwR\’ IR
_ 1 Q Q Q
_3p, <1+ il o +< o )w( 53> ,
and

E=E, 2/ uR? + O(|[R|ZD).
Q
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It follows that, using Ey, = O(y/2||R||) and A}, = O(£?) (see Lemma 6.1),

AE =ALE), — 2Ak/ uweR? + O(?||R|510) + 3B, — 6Ek/ up R?
Q Q

+O(Ve|R]| IIRHgiﬁ)—3Ek/QUkR2+<9(HR||4)+0(IIRH2||RH515)
+ O(| R VEIRI + OIRI IRIP) + ORI

=ALFE) + 3Ek — 9Ek/

wR =24, [ wR+ ORI + O(IRI)
Q

2+p

2+p _
24p T

%’;Ek. For the convenience of the reader let us explain how to handle two of the terms
appearing in the computations: the estimates in Lemma 6.1 yield, as ¢ — 0,

9 R ’
k

since || R)| O(||R||*). Now, using the above expressions, we aim at expanding 4 E —

and

2ot ® oy [ wre =0 (L) orvai rin = o (L) ~ oqpe),

the last estimate following from the definition of ¢, in (6.5). Using similar arguments to
treat other terms, we obtain

AL A Ao 2
2p_2kg —B [E _9E
5 B, 2 v |3Ek—9 k/ﬂ

A
ukRz + ?kEk/ QUkR
k Q

~ 24 [ wR?+ ORI + ORI,
Q

which in turn implies

éE B &E 3Ek2 —9E} fQ upR? + %’;Ek fQ 2up R
By, By

L2 B2+ O] RII3E) + O RIP).

B
Using Lemma 6.1 again, this 1mp11es

A
éE— &Ek 3Ek + Bk E; fQ 2up R Ak 2 R2
(6.8) B B, B, B
+O0(e| R + O R|I? )~
The term — 5= fQ 2uy, R? is harmless since it will be handled by the spectrum estimate

Lemma 6.3. Let us analyze the fraction which is the worst term. For M > 1 to be selected
later, define || R||7, || R||7<, the L? norms of R in the tube 7 := {(z,t) : |d(x,t)| < Me},
the complement of the tube respectively:

|\R||2,;:/ R, t)de, |R|% ::/ R2(z,1) da.
{ld(z,t)|<Me} {ld(z,t)|>Me}

Observe that the O(e) size of the tube allows to write

< ()" () <evimr

Hence, using Lemma 6.1, cutting [, = fT + ch, we get

Ak Ek / QUkR

By <Ce|Ex|(Ve| Rl 7 + |IR|

Te)

<CeVe|Ei| |RllT + Ce*°E? + Ce¥||R| 3.
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As aresult
A
3By + 5By [ 2urR S Gl CP)B” — Cevel Bl IRIT Ce*?|R| 3
(6.9) ¥ kR .
> ok RV - G| R

for small € > 0. Now, observe that

if |By| > Cev/El| Rl

0
6.10 E2-C Eil |R||+ >
(6.10) . eVelExl || IIT{_02€3||R|QT it |Ey| < Cev/E|lR]r-

Remark 6.2. The above inequality is the crucial one. One can interpret it as follows.
Following [8, Proposition 2], we understand that E;, behaves like the integral on the hy-

persurface I'y:
5/ R(z,t)do.
d(z,t)=0

If |Eg| = | [,(1 — ux®)R] is large w.r.t. O(ev/2||R|7) then E.? — Cev/e|Ey||R| T > 0,
which has the good sign to control the 2 norm of R. In other words, if the error “intends”
at concentrating on the hypersurface, the situation is quite favorable. On the other hand,
if |Ey| = | [o(1 — up?)R] is small w.r.t. O(e+/€||R||7) then we get the negative control
—O(e?| R||%>) (after dividing by By,) which is enough for the Gronwall’s argument to work.

Putting together (6.7), (6.8), (6.9), (6.10) and By, = 2\/§|U\5 + O(?), we come to the
conclusion that

Ak/ 2 3/5 2 2 2

A>— 25 [ 2uR? — C3/°||R|%. — CE2||R)|

(6.11) By Ja 7 "
+ O 5)||RI| + O RIZEE) + O R]P).

6.2. Proof of Theorem 2.3. Equipped with the accurate estimate (6.11), we can now con-
clude the proof of the error estimate by following the lines of [14]. Combining (6.4) with
(6.11) and usmg the interpolation inequality ||RH21§ < C||R|P|IVR]?, ||R|7 < ||R| and
|R|| = O(&?) (thanks to the definition of ¢.), we discover

1 , A
IR — ||RH< /IVR|2+—/ Flug) + 220, | B2
Q Bk:
1
+ ;2QClllRH”IIVRH2 + 5 C°|R|F-
+C[IR|* + O =) R|.

Since &2 (— Jo IVRIZ+ & [ (' (ur) + kQuk)R2) —&?|VR|? + C||R||?, we get

R1EIR) <) (= [ 9RE+ % [ (Fw)+ on) #2)

1
— VR + Z2G | RIP|VE|®

1
(6.12) + 5 Ce*°|R|fF. + C|[R|* + O(e*#)|1R|

<(1—¢? ( /|VR|2+/< (k)+gz2uk>R2>

k—L1
+ ;2083/5||RHQTC +C|IR|* + O("2)|IR],
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in view of the definition of ¢ in (6.5). In the above inequality, let us write [, = [+ [..
In the complement of the tube, observe that

A = 2 =
/ (f’(Uk) n B—’“mk + 053/0) R? — / (f/(uk) n 0(53/0)) R?,
. b (ld(a.t|>Me}

is nonpositive if M > 0 is large enough; this follows from the form of the constructed
; : ; — d(z,t)+0(e?) 2

ug in Section 5 — roughly speaking we have uy(x,t) = g (%) + O(e*)—

0o(+o0) = £1 and f'(£1) < 0. As a result we collect

A
R||=|R| <(1 - VR[? /< )+ 259 >R2>
oy IRl <02 (= [ Re ) + B2

+C|[RIP* + O("2)||R].

In some sense, the problem now reduces to a local estimate since the linearized opera-
tor —A — &7 2(f"(ug) + %’;2%) arises when studying the local unbalanced Allen-Cahn
equation

1 Ay
6tua = Au, + ? (f(ua) - Fk(l - u62)> 5

whose singular limit is “mean curvature plus a forcing term” (see, among others, [2]). To
conclude we need a spectrum estimate of the unbalanced linearized operator around the
approximate solution u, namely —A — e~ 2( £/ (uz,) + B’“ 2uy,). This directly follows from
the result of [13] for the balanced case. For related results on the spectrum of linearized
operators for the Allen-Cahn equation or the Cahn-Hilliard equation, we also refer to [7],
[5, 6], [24].

Lemma 6.3 (Spectrum of the unbalanced linearized operator around uy [13]). There is
C* > 0 such that

1 A
—/ IVRI2+7/ (f’(uk)+’“2uk) R? gC*/ R?
T e2 Jr By, T
0

forall0 <t<T,all0<e<1al Re HYQ) witthR—
Proof. Observe that
0o (£20) + 0(2)  if |d(z, )| < VE
ug(z,t) =
+1+ O(ekH) if |d(z,t)| > /.

Lemma 6.1 yields B" = 5O‘(t + O(e?) so that we can write f(u) + g—’;2uk = f'(ug),
for some uy, such that

T (ot) = B0 (@) caly, (dk a:t)) FO(2)  if|d(x,t)| < VE
+1+ O(e) if |d(x,t)] = Ve,

where 6, = 1. In particular [; 61(60)?f"(60) = [5(60")?f”(60) = 0 (odd function)
so that uy has the correct shape for [13] to apply: see [4 formula (3.8) and proof of
Theorem 5.1], [14, formula (16)] or [22, Section 4] for very related arguments. Details are
omitted. O

Combining the above lemma and (6.13), we end up with
d
—|[RI| < C|[R|| + Ce*~3.
dt
The Gronwall’s lemma then implies that, forall 0 < ¢ <.,
-3 1
IRC, 1) < (IR(-,0)]| + " 2)eC = O(eF~2),
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in view of (6.1). Since k — £ > %, this shows that ¢, = T and that the estimate O(c*/P) is

actually improved to O(e*~ 3 ). This completes the proof of Theorem 2.3. t

Acknowledgements. The authors are grateful to Rémi Carles and Giorgio Fusco for valu-
able discussions on this problem.
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