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Abstract

We are interested in the threshold phenomena for propagation in nonlocal diffusion equations
with some compactly supported initial data. In the so-called bistable and ignition cases, we provide
the first quantitative estimates for such phenomena. The outcomes dramatically depend on the tails
of the dispersal kernel and can take a large variety of different forms. The strategy is to combine
sharp estimates of the tails of the sum of i.i.d. random variables (coming, in particular, from large
deviation theory) and the construction of accurate sub- and super-solutions.

Key words: extinction, propagation, threshold phenomena, nonlocal diffusion equations, large
deviations.

2010 Mathematical Subject Classification: 35B40 (Asymptotic behavior of solutions), 45K05
(Integro-partial differential equations), 60F10 (Large deviations).

19

25

26

31



1 Introduction

In this work we consider the solution u = u(t, z) of the one-dimensional integro-differential equation

Owu(t,x) = /RJ(y) [u(t,z —y) —u(t,z)] dy + f (u(t,x)), t>0,z€cR, (1.1)

supplemented with some compactly supported initial data u(0,2) = wug(x). The function J : R — R
is a nonnegative dispersal kernel of total mass 1 allowing, in population dynamics models, to take
into account long distance dispersal events. The nonlinearity f = f(u) encodes the demographic
assumptions and, in this manuscript, we focus on the case where it is of the bistable or of the ignition
type. Precise assumptions will be given later on. Our concern is to understand the threshold phenomenon
for propagation. As far as we know, we provide the first quantitative estimates for such phenomenon
in (1.1).

The solutions of (1.1) share some properties with the ones of the local diffusion equation
du(t, ) = Ogpult,z) + f (u(t,z)), t>0,z€R. (1.2)

In particular both problems exhibit a threshold phenomenon, meaning that “small” initial data lead to
extinction, whereas “large” initial data lead to propagation. In the local diffusion case (1.2), we refer
to [4] for such a property, while the sharp threshold phenomenon was more recently investigated [29],
[13], [27], [23, 24], through different technics. On the other hand, the nonlocal diffusion case (1.1) is
more delicate, see subsection 3.4 below, but some progresses were recently achieved [1], [6], [20].

Very recently, the authors (including the first two authors of the present work) of [3] have provided
a sharp quantitative estimate of the threshold phenomenon in (1.2). To be more precise, let f = f(u) be
of the ignition or bistable type between 0 and 1, with threshold 6 € (0,1), and “1 more stable than 0”
(see Assumption 1.3 below). Then, for any € € (0,1 — ) there are two lengths 0 < L&' < LP™P < 400
such that the solution u§ = u§ (¢, z) of (1.2) starting from

¢7(x) == (04 e)l(_r 1)(z),

satisfies

. € _
tggloo ur, (ta 33) -

0 uniformly for z € R, if 0 < L < L&,
1 locally uniformly for z € R, if L > LP™P,

Among others, the study [3] provides some estimates of the threshold values L&* and LP™P as e — 0T,
namely
ext [ prop

0 < liminf —— <limsup —— < +o0.
e—0+ —1Ine e—0+ —lne

As far as we know, for integro-differential equation such as (1.1) there is no such quantitative estimates
of this threshold phenomenon in the literature. The goal of the present work is to fill this gap by first
deriving sufficient conditions for the existence of similar critical lengths L&** ad LP™P for suitable levels
€ > 0, and secondly to provide estimates of these quantities in some asymptotic regime, namely when
the height 6 + € of the initial data tends to 6.

Note that the analysis in [3] is based on the explicit formula of the heat kernel. For the nonlocal
diffusion case, the expression of the “corresponding heat kernel”, see (2.2)—(2.3), is much more compli-
cated and estimating its behaviour is far from obvious. However, refined estimates for the tails of the
kernel .J, as well as for its n—folds convolution J*("), can be obtained for a large variety of kernels. Such
information, mainly coming from the probability theory, combined with the construction of accurate
sub- and super-solutions will allow us to derive some precise estimates of the threshold phenomenon for
the nonlocal diffusion equation (1.1).



It turns outs that these estimates of the threshold phenomenon strongly depend on the decay rate at
infinity for the kernel J, or tails of J. For instance, when the kernel J has an exponential decay then the
critical lengths (when exist) both behave like for the local problem (1.2). On the other hand, for kernels
with heavy tails (algebraic decay, Weibull-like tails, etc.), such estimates become more complicated and
can take a large variety of different forms.

Let us first present the assumptions on the dispersal kernel J and the nonlinearity f.

Assumption 1.1 (Dispersal kernel) The kernel J : R — R satisfies the following.
(i) J is nonnegative, even and satisfies [, J(x)dr = 1;
(i) J is nonincreasing in (0, +00).
Assumption 1.2 (Expansion form) The Fourier transform of J has an expansion
J(&) =1-alg]” +o(g]), as&—0, (1.3)
for some 0 < <2 and a > 0.

As observed and proved in [7], expansion (1.3) plays a crucial role in the behavior of the linear
equation dyu = J*u—u, but also in some nonlinear phenomena, such as the Fujita blow up phenomenon
and the hair trigger effect [1].

Notice that expansion (1.3) contains some information on the tails of J. Indeed, for kernels which

have a finite second momentum, namely ma(J) := [ 2*J(z)dz < 400, expansion (1.3) holds true with
B =2, as can be seen in [14, Chapter 2] among others. In particular, this is the case for kernels which

are compactly supported, exponentially bounded, or which decrease like O (Im\%) with € > 0. On the

other hand, when mo(J) = +o0o then more general expansions are possible. For example, for algebraic
tails satisfying

J(z) ~ EO as x| = oo, withl<a<3, (1.4)
x (03
then (1.3) holds true with 8 = a—1 € (0,2). This fact is related to the stable laws of index 8 € (0,2) in
probability theory, and a proof can be found in [14, Chapter 2, subsection 2.7]. In particular it contains
the case of the Cauchy law J(x) = llj—;, for which

J©=ef=1— ¢ +o(k]), as&—0,
and 8 = 1, despite the nonexistence of the first moment mq(J) := [ |z|J(z)dz.
Throughout this note the reaction term arising in (1.1) will satisfy the following set of hypothesis.

Assumption 1.3 (Nonlinearity) The function f : R — R is Lipschitz continuous. There is a thresh-
old 0 € (0,1) such that
flw) =0, Yu € {0,0,1}, (1.5)
and
f(u) <0, Yu € (0,0), (Bistable Case),
f(u) >0, Vue (0,1), and or (1.6)
flw) =0, Yu € (0,0), (Ignition Case).

In the bistable case, we further require
1
/ f(s)ds >0, (1.7)
0
Moreover, in both cases, we require that there are r— >0 and 0 € (0,1) such that

fu)>r~(u—120), Yu € |0,4]. (1.8)



Notice that for » > 0, the usual cubic bistable nonlinearity
fu) =ruu—0)(1 —u)l,1)(u)
satisfies the above assumptions as soon as 6 < %, and so does the ignition nonlinearity

f(u) =r(u—=0)(1 —u)lpq(u).

The organization of this work is as follows. In section 2, we list some basic facts and key lemmas, in
particular some estimates for the tails of n—folds convolution kernel (coming from sum of i.i.d. random
variables in probability theory). In section 3 we state our main results including our quantitative
estimates on the threshold phenomenon “extinction vs. propagation”. In sections 4 and 5 we inquire
on extinction and non-extinction phenomena, respectively, in some related toy models. Next, in section
6, we build on these preliminary results to prove our main results. Finally, in section 7 we establish a
sufficient condition for “propagation to occur”, which is another one of our main results.

2 Preliminaries

In this section, after presenting some notations and basic facts, we collect some estimates for the tails
of J*@ (i > 1) coming from the probability theory.

2.1 Notations and basic linear facts
If f € L'(R), we define its Fourier transform F(f) = f and its inverse Fourier transform F “1(f) by

7o) = / e f(a)dr,  F(f)() = / €57 £ (€)de

R
With this definition, we have, for f, g € L'(R),
frxg=179,
and f = oo F N (F(f)) if f, F(f) € L'(R).
Formally applying the Fourier transform to equation

Ou=J*xu—u (2.1)

yields
d . =N ~
where £ is seen as a parameter and which is solved as

a(t, &) = 'O gy (¢).

Applying the inverse Fourier transform, we see that the fundamental solution writes as

K(t,-) =e '3 +(t,-), (2.2)

where -
Yt ) i=e Tty Z—'J*“), (2.3)

i=1



where &g is the Dirac mass at 0 and J*® := J % --- % J is the convolution of J with itself i — 1 times.
Hence the unique bounded solution to dyu = J * v — v with initial data ug € L>°(R) is given by

u(t,x) = K(t,-) xuo(z) = e tug(x) + (L, -) * uo(x).

Obviously, though the convolution of a Dirac mass by a L function is not pointwise well defined, we

let dp * ug = ug. Moreover, from the normal convergence of the series Zfil %J*(i) and Zf; %J*(i)
in C([0,7], L*(R)), we deduce that the function ¢ € [0,00) — #(t,-) € L1 (R) is of class C' and that
A(t,x) = J*(t, ) (x) — o(t,x) + e~ J (x). (2.4)

Notice also that
/ Y(t,r)dr =1—e"t, Vt>0. (2.5)
R

2.2 Some key estimates on the tails of J*®) (i > 1)
Observe that if J € L' (R) satisfies Assumption 1.2 then so does J*() with 7 > 1, but with the expansion

JO(€) =1 —ial¢]’ +o(¢]%), as&—0. (2.6)
Notice also that J is a real function since J is even. In the sequel, for ¢ > 1 and L > 0, we denote
R;(L) ::/ T (z)dz (2.7)
|z|>L

the tails of J*(). The expansion (2.6) on the low frequencies of the Fourier transform J*(®) is very
related to the tails of J*(®. The following first bound is provided by [14, Chapter 2 subsection 2.3.c
(3.5)].

Lemma 2.1 Let Assumption 1.1-(i) be satisfied. For anyi > 1 and L > 0, one has

Ry <y | : [1 - (f@))’] . (2.8)

2
-i
As L — +o00, we have the following result quoted from [26, Theorem 5].

Lemma 2.2 Let Assumptions 1.1-(i) and 1.2 hold.
(i) If B = 2 then, for any i > 1, one has

L
/ uR;(u)du ~ia, as L — +o0. (2.9)
0

(i1) If 0 < B < 2 then there is C = C(B) > 0 such that, for all i > 1,

Ry(L) ~i 2%

75 98 L — +o0. (2.10)

When 0 < 8 < 2, the asymptotic behavior of R;(L) is thus very precisely described by Assumption
1.2. On the other hand, when § = 2, Assumption 1.2 is not enough to capture the asymptotic behavior
of R;(L): precise estimates, as needed in this work, strongly depend on the decay rate of J at infinity.
Below we discuss such estimates for different types of kernels.

The following result deals with exponentially bounded kernels and is known, in probability theory,
as the large deviations Cramér theorem (adapted to our situation). We refer the reader to [12, section
2.2] for more details and proofs. The uniformity of the limit (2.12) as stated below is a consequence of
[19], see Appendix A.



Lemma 2.3 Let Assumption 1.1-(i) be satisfied and assume further
x> 0, / e J(z)dr < +oo. (2.11)
R

Define the logarithmic moment generating function A : R — (—o0,+00] as

A(N) :==1n (/}R eM‘J(x)dx> ,

and its Fenchel-Legendre transform as

A (z) == iléﬁ()\m —A(N).

Then, A* is nondecreasing on (0,+00). Also, there exists 0 < Ly such that A*(L) < +oo for all
L €[0,Lq] and, for all 0 < Lo < Ly, one has

1
lim —InR;(iL) =—A"(L), wuniformly for L € [Lo, L1]. (2.12)

i—+oo 1

Moreover we also have for any L > 0,1 >1 and XA € R,
Ri(iL) < 7 (B) < i AL=AN) (2.13)
When the kernel J is not exponentially bounded (but still 8 = 2), there is a large variety of possible
tails. The following examples are typical, see e.g. [22], and will be considered in the following.
Regularly varying tails RV («):
Ry(L)=L"*S(L), VL>0, (2.14)

for « > 2 and where S : (0,4+00) — (0,+00) is a slowly varying function (that is, for all v > 0,
S(vx) ~ S(z) as © — +00).

Lognormal-type tails LN (v, A, p):
Ri(L) ~ cLPe™ L a5 [ — 400, (2.15)
for some v > 1, A > 0, p € R and appropriate constant ¢ = ¢(p, ).
Weibull-like tails WE(a, A, p):
Ri(L) ~ cLPe ™" as L — 400, (2.16)
for some 0 < a < 1, A > 0, p € R and appropriate constant ¢ = ¢(p, a).

For these three type classes of kernels, refined estimates of R;(L) when i > 1 and L > 1 are known
in the literature: the next lemma is taken from [22, Proposition 3.1].

Lemma 2.4 For the three classes of kernels above, assume J is normalized by mo(J) = 1. Then define
the threshold sequence d,, accordingly to

Distribution dn
RV («), a>2 n'/2n*?n
LN(v, A p), 1<y<2 /2% n
LN(yv, A\, p), 2<¥ n'/2In" "ty
WE(a, )\ p), 0<a<1|nt/G29

Table 1: The threshold sequences d,.



Then, for any sequence vy, > d,,, one has

R;(L)
iR (L)

lim sup
i——400 L>v;

- 1‘ = 0. (2.17)

Last, for some specific forms of Weibull-like tails satisfying (0 < a < 1)
Ri(L) ~ce ™, as L — 400, (2.18)

more refined estimates are known: according to [25, (2.32)] there exists some constant C' > 0 such that,
forall L >0 and i > 1,

2

3 Main results
For e € (0,1 — 6] and L > 0, we consider the family of initial data ¢¢ given by
() = O+l y(x), ek, (3.1)

wherein 14 denotes the characteristic function of the set A. We denote by u$ = u§ (¢, z) the solution
of (1.1) starting from the initial datum ¢ .

The results presented in this section are concerned with the derivation of asymptotic estimates
(e < 1) of the size L such that the solution u§ (¢, x) goes extinct or propagates at large times. We
split our main results into two parts. The first subsection is related to extinction while the second is
concerned with propagation.

3.1 Extinction results

Let us recall that, for i > 1 and L > 0, R;(L) denotes the tails of J*(*) as defined in (2.7). Our general
extinction criterion reads as follows.

Theorem 3.1 (Extinction) Let Assumptions 1.1 and 1.3 be satisfied. Let € > 0 be fized and set

rt = sup Sl > 0. (3.2)

ue(@,) u—10

Assume T > 0 and L > 0 are such that
+ X
e~ (DT Z le(L) > e (3.3)
i=1

Then the function u§ is going to extinction at large times, namely

lim supu§(t,z) =0.
t—>+oom€§ L( )

The above result has various implications exploring the asymptotic size ensuring the extinction of
the solution. More precisely, for each € € (0,1 — 6], define the interval

L3 = {L >0: lim supuf(t,z)= O},

t——+o0 z€R



as well as
Lo {sup Lot e (0,00] i LA, )

0 it Lot =),
The next corollaries are concerned with a lower bounded of L&* as € — 0.

We start with the case where the kernel J has a slow decay at infinity, meaning that 0 < § < 2 in
the expansion (1.3).

Corollary 3.2 (Asymptotic extinction criterion, 0 < 8 < 2) Let Assumptions 1.1, 1.2 with 0 <
B <2, and 1.3 be satisfied. Then

1/p
liminf € Lo > O = (Qace—l /r+) S0,
e—0+

where a > 0 and C = C(B) > 0 come from the asymptotic expansion (1.3) and Lemma 2.2-(ii),
respectively.

Next, we explore a similar question when 5 = 2. We start with the case of exponentially bounded
kernel.

Corollary 3.3 (Asymptotic extinction criterion for exponentially bounded kernels) Let As-
sumptions 1.1 and 1.3 be satisfied and assume further the exponential decay (2.11). Then

ext

lim inf 16 >C™ >0,

e—0t n %

for some C~ =C~(r*,J) > 0.
We pursue the 8 = 2 case by presenting a series of classical kernels presented in subsection 2.2.

Corollary 3.4 (Asymptotic extinction criterion, some examples with g = 2) Let Assumptions
1.1 and 1.3 be satisfied. Then the following estimates hold.

(i) Assume that there are ca > ¢1 > 0, @ > 2 and xzo € R such that wFe < J(x) < rftre for all
|z| > |zo|. Then
lim inf G%Lf"t >C™ >0,
e—0t ’

for some C— = C=(0,7+,T,cy1,a) > 0.

(i) Assume that J has regularly varying tails RV («) with o > 2. Then

o a
liminf ea” L& > 1,
e—0t

for any given o’ > «a.

(iii) Assume that J has lognormal-type tails LN (v, A, p) with v > 1, A > 0 and p € R. Then

cht
liminf —=¢—— >1
e—0+ e(%m%)?

for any given N > \.



(iv) Assume that J has Weibull-like tails WE(a, A, p) with 0 < a <1, A >0 and p € R. Then

ext
liminf —=¢ > 1,
e—0t 1 1\ o
(Ing)

for any given X > X. Furthermore, if p =0,

limief —>C,
—0 1 1o
‘ (3In¢)

for some C— =C~(0,7+,T,J) > 0.

3.2 Propagation results

To state our propagation results, we need to assume that for any level 6 + € > 0, there exists a size L
such that the solution u§ of (1.1) with initial data (3.1) propagates. This assumption will be largely
discussed below.

Assumption 3.5 (Propagation assumption) Let Assumptions 1.1-(i) and 1.3 hold. We assume
that for each € € (0,1 — 0] there exists L > 0 large enough such that u§ (t,x) propagates, in the sense
that
lim wf(t,2) =1 locally uniformly for on R.
t—+oo

Now using this and similarly as above, for each € € (0,1 — 6], we define the non-empty interval
LPTOP = {L >0: . lir+n uf,(t,x) = 1 locally uniformly on R} ,
— 00
as well as the quantity

LPrP := inf LP™P € [0, 00). (3.5)
We now state our general propagation criterion (let us recall that 6 € (0, 1) is coming from (1.8)).
Theorem 3.6 (Propagation) Let Assumptions 1.1-(i), 1.3 and 3.5 holds. For any a € (0,6 —0) and

€ (0,1) there exists eg > 0 small enough such that, for all € € (0,€p), one has LP*™P < L where L
satisfies the following condition

= g’ , 1. 2
2( 27 m)L),  with To=-—In=—, (3.6)

where we recall that R;(L) denotes the tails of J*V) as defined in (2.7),

In the following we derive an upper bound of LP™P as € — 0T. As before, this asymptotic strongly
depends on the tails of the kernels J*(*).

Corollary 3.7 (Asymptotic propagation criterion, 0 < 5 < 2) Let Assumptions 1.1-(i), 1.2 with
0< B <2, 1.8 and 3.5 be satisfied. Then

[ prop
limsup ——~ < C*
e—0+ (l In l) B
€ €

)

for some Ct =C*(0,r,J) > 0.



Next, we explore a similar question when 8 = 2. For such cases with 8 = 2, we assume r~ € (0,1),
where 7~ is from (1.8). We start with the case of exponentially bounded kernel again.

Corollary 3.8 (Asymptotic propagation criterion for exponentially bounded kernels) Let As-
sumptions 1.1-(i), 1.3 and 3.5 be satisfied. Assume further the exponential decay (2.11) and r— € (0,1).
Then

prop
. € +

lim sup — <C7,
esot In <

for some Ct =C*+(r=,J) > 0.
We pursue the 8 = 2 case by presenting a series of classical kernels given in subsection 2.2.

Corollary 3.9 (Asymptotic propagation criterion, some examples with 3 = 2) Let Assumptions
1.1-(i), 1.3 and 3.5 be satisfied. In addition, assume r~ € (0,1) and mo(J) = [, 2*J(x)dx = 1. Then
we have the following results.

(i) Assume that there are ca > ¢1 > 0, @ > 2 and xzyg € R such that lw‘”ﬁ < J(x) < ‘xfﬁ for all
|x| > |xo| then
I,prop
limsup —— < C™*
e—0t (l In l) B
€ €

for some CT = CT(0,r7,c,a) > 0.

)

(i) Assume that J has regularly varying tails RV () with o > 2. Then

Lprop
limsup ——+ < 1,
e—0t (l In l) &
€ €

for any given 0 < & < a.

(iii) Assume that J has lognormal-type tails LN (v, A, p) with v > 1, A >0, p € R. Then

prop
Le

]Sl,

(iv) Assume that J has Weibull-like tails WE(a, A, p) with 0 < a <1, A >0, p € R. Then

lim sup

e—0t
17,1
exp |Kx In E)

2=

for any given 0 < X < \.

Lprop 2
limsup——+ <1, if O0<a<-,
e—0+ (i In 1)3 3
X €
for any given 0 < A< A, while
Lprop 2
limsup ——— <1, if =-<a<l,
>0t (In1)7=a 3
€
for any given 0 < a < & < 1. Furthermore, if p =0,
[ prop
limsup ——~ < O,

1
=07 (3lng)”

for some C*t = C*(J) > 0.
Note that when p = 0 in (iv), the assumption mq(J) = 1 is not necessary since we directly rely on

estimate (2.19).

10



3.3 Combining, summarizing and commenting the above results

Let the dispersal kernel satisfy Assumptions 1.1 and 1.2. Let the nonlinearity f be of the bistable
or ignition type in the sense of Assumption 1.3. We considered the solution u§ = u§(¢,x) to the
one-dimensional reaction integro-differential equation (1.1) starting from the step function ¢$(z) :=
(0 + €)1 (g ry(x). Under the propagation Assumption 3.5, to be discussed in the next subsection, we
investigated the values 0 < L¢* < LP™P < 400 in the asymptotic regime € — 0T, meaning that the
height of the initial step function tends to the threshold value 6 of nonlinearity f. For a large variety
of dispersal kernels, we proved some estimates stated in subsection 3.1 and 3.2 that we now combine
and comment.

If 0 < f < 2 in Assumption 1.2, meaning in particular that mo(.J) = [ 22J(z)dr = +o0, then

ext L prop
0 < liminf ——+ <limsup ——— < 400, (heavy tails).
0 (1)F T o (11n1)7
€ € €

1
In this situation, the “main term” is of magnitude (%) # . but the lower and upper bounds coincide only
up to a logarithmic term.

If my(J) = [pa?J(x)de < 400, meaning = 2 in Assumption 1.2, we distinguish the following

prototype situations under the additional assumption r~ € (0,1), that we believe to be only technical.
If J is exponentially bounded as in (2.11) then

ext Lprop
0 < liminf —4 <limsup —5- < 400, (exponentially bounded tails).
e—0t ln ; e—0t 111 <

In this situation, the lower and upper bounds are sharp in the sense that they coincide up to a multi-
plicative constant.

If J has “not heavy algebraic tails”, in the sense that there are co > ¢; > 0, a > 2 and x¢ € R such
that

C1 C2
W S J(I) S ‘mll_"_a, for all |l’| 2 |5L’0|,
and moreover ma(J) = 1, then
ext ,prop
0 < liminf —— <limsup —*——+ < 400, (not heavy algebraic tails).
=0t (1) T esor (L 1)@
€ € €

1
In this situation, the main term is of magnitude (%) “ but the lower and upper bounds coincide only
up to a logarithmic term.
If J has regularly varying tails RV («) with o > 2 and ma(J) = 1, then for any 0 < & < a < ¢/,

prop Lext
limsup ——+ < 1 <liminf — (regularly varying tails).
Syt T g7

The situation is here less clear than the not heavy algebraic tails since, from the above, it is not clear
1

that the main term is of magnitude (%) «,

If J has lognormal-type tails LN (y, A, p) with v > 1, A > 0, p € R and my(J) = 1, then for any

0<A<A<N,

[, prop Lext
€ <1<liminf ————— (lognormal-type tails).

] - e—0+ exp {(/\l,lni)ﬂ

lim sup

e—0+
— exp l(;\ In %)

2

11



If J has Weibull-like tails WE(a, A, p = 0) with 0 < o < 1, A > 0 (see above for the p # 0 case)
then

Lext Lprop
0 < lim ir+1f —<¢— <limsup —*——+ < 400, (Weibull-like tails WE(a, A\, p = 0)).
0 11, 1\ 11,1\
<0 (3ng) 0t (I g)
In this situation, the main term is of magnitude L and the lower and upper bounds are sharp.

(ln; @

As a conclusion, our analysis reveals that the main term (or, at least, the approximate main term)
driving the asymptotics of LE%" and LP™P is, in some sense, selected by the tails of J and can take a
large variety of different forms.

3.4 Towards Assumption 3.5

The propagation threshold in nonlocal diffusion problems is of fundamental importance and independent
interest. In this subsection, we derive some sufficient conditions for the propagation Assumption 3.5 to
hold. We place ourselves in the following bistable situation.

Assumption 3.10 (Dispersal kernel and bistable nonlinearity) The dispersal kernel J € C(R)
is nonnegative, even, and satisfies [, J(x)dx = 1. Assume further J' € L'(R) and the existence of a
finite first moment, namely

/IR lylJ (y)dy < +oo. (3.7)

The nonlinearity f € C*(R) is bistable in the sense of (1.5)—(1.6) and further satisfies f'(0) < 0,
f'(1) <o.

A traveling wave solution (¢, U) for (1.1) is a speed ¢ € R and a profile U = U(z) solving

(3.8)

JxU—-U—-cU' + f(U)=0, on R,
U(-0) =0, U(+c0)=1,

meaning in particular that u(t, z) := U(x + ct) solves (1.1). The existence, uniqueness and properties of
traveling wave solutions in nonlocal diffusion equations with monostable, ignition or bistable nonlinear-

ities has attracted a lot of attention, see e.g. [15], [5], [3], [9, 10], [11], [21], [18], [2] and the references
therein.

Under Assumption 3.10, the existence of traveling waves is studied in the important work of Bates
et al. [5] (to which we refer for more precise statements): there exists a monotone solution, in the weak
sense, to (3.8). The smoothness of the profile U is a delicate issue. More precisely, assuming further
a structure condition on g(u) := u — f(u), see hypothesis (H3) in [5], some of the conclusions of [5,

Theorem 3.1] are as follows: if ¢ # 0 then the profile U is smooth and the sign of the speed is that of
fol f(u)du; on the other hand if ¢ = 0 there are some situations, see [5, end of Section 3|, where the

profile U is discontinuous, and this can happen even if fol f(u)du > 0. Moreover, the ¢ = 0 case is
ruled out by the non-existence of a null-truncation of g(u) = u — f(u) in the sense of [6, Theorem 1].
In particular, a sufficient condition to enforce ¢ > 0 is to assume

1
u+ u — f(u) is monotone and / f(u)du > 0. (3.9)
0

This shows the relevance of our sufficient conditions for propagation to occur, which we now state.
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Theorem 3.11 (Propagation threshold) Let Assumption 3.10 be satisfied and assume fol f(u)du >
0. Assume the existence of (c,U) an increasing traveling wave solution to (1.1) with ¢ # 0 (and thus
¢ > 0 from the above discussion). Then the conclusions of the propagation Assumption 3.5 hold: for
each € € (0,1 — 0] there exists L > 0 large enough such that u§ (t,x) propagates, in the sense that

lm wf(t,z) =1 locally uniformly for on R. (3.10)

t—+o0

Theorem 3.11 thus provides sufficient conditions for the existence of LP™P < +o0, see (3.5), in the
bistable case, and thus in the ignition case due to comparison arguments.

For classical diffusion bistable equations, the fact that “sufficiently large” step initial data lead
to propagation is well-known, see [4] for “sufficiently high” step initial data, and [17] for step initial
data with any height larger than 6. In the nonlocal diffusion setting, let us mention two propagation
threshold properties proved by Berestycki and Rodriguez [, Theorem 10] and Lim [20, Theorem 1.2] for
“sufficiently high” step initial data and under the assumption that the kernel is exponentially bounded in
the sense of (2.11). These results also require a structure assumption as (3.9) or a “c > 0 traveling wave”
assumption. They mainly rely on the construction of a compactly supported sub-solution using energy
methods [6] or traveling wave solutions [20]. Theorem 3.11 improves these results into two directions.
First, we cover more dispersal kernels by only requiring the existence of a finite first moment, see (3.7).
Second, and even more important, we allow the height of the step initial data which we consider to be
0 + € for any small € > 0. This is achieved by performing a nonlocal genralization of the arguments in
[17]. This requires a finite first moment of the dispersal kernel to guarantee the existence of a traveling
wave solution (¢,U) and to collect some useful integrability properties of the wave U at +oo. It would
be interesting to investigate on the existence (or not) of a propagation threshold for very heavy kernels
not admitting a finite first moment, and for step initial data with height 6 4+ ¢. We believe that this is
a delicate issue.

4 Extinction criterion

In this section we consider the following semilinear problem

Ow=Jxw—w+ g(w), t>0,z€eR,
w(0,z) = (0 + )l )(z), =R,

where € > 0, L > 0 and
gu) =1+ (u—0).

Here r™ > 0 and 6 > 0 are given and fixed parameter and the subscript + is used to denote the positive
part of a real number. We start with a criterion for extinction which does not require € to be small.

Proposition 4.1 (Extinction criterion) Let Assumption 1.1 be satisfied. Let € > 0 be fized. Assume
that T > 0 and L > 0 are such that

+ =i
e~ FOT Z le(L) > e (4.2)
i=1
Then the solution w = w(t,x) to (4.1) satisfies

supw(T,x) < 6, (4.3)
z€R

and is thus going to extinction at large times.
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Proof. Consider v = v(t, z) the solution to the linear Cauchy problem

ov=J*xv—v, t>0,x€R,
v(0,2) = w(0,z), x€R.

Recalling the definitions of K and ¢ in (2.2) and (2.3), one gets v(t,x) = (0 4+ €)K(t,-) * L (g 1y().
Let us first prove, through a regularization argument and [28], that

V(t) == |lo(t, ) L@ = (0 + e)/ K(t,x)de = (6 +¢) (4.4)

|| <L

/ Y(t, x)dr + et
|z|<L

Take two sequences (u;, )n>0, (u;})n>0 of continuous, symmetric and nonincreasing on R* functions
such that, for all » > 0 and x € R,

0 < u, (2) <w(0,2) <ul(z) < (04 €)l—opop)(z),

u; (0) =0 +¢, and ul (z) — w(0,2), as n —> +00, for almost all z € R. Denoting by v = v (t,z) the
solutions to dv = J * v — v starting from u;", the comparison principle yields

0<w, (t,r) <v(t,z)<vli(t,z)<0+e (4.5)

Now, since the initial data u;} are continuous, symmetric and decreasing on R* and since the kernel
J is symmetric, Xu et al. [28, Theorem 2.5] proved that, for each ¢ > 0 and n > 0, both functions
x — v, (t,x) and x — vl (¢, x) are also symmetric and nonincreasing on R*. Hence one obtains, for
t>0andn >0,

o (t, )~ vy = v(£,0) /wm £(@)do + et (0),

From (4.5) we deduce that, for any ¢ > 0 and n > 0,

/w(t,x)u;(m)dx—ke*tu /w (t, z)u,t (x)dx + et (0).
R

Recalling that u(0) = 6 + ¢, we let n — 400 which, using Lebesgue convergence theorem, yields (4.4).
Following Alfaro et al. [3], we aim at constructing a super-solution to (4.1) in the form W (¢, x) :=
v(t,x)e(t), with ¢(0) =1 and ¢(t) > 0. As in [3, Proof of Proposition 2.1], we choose

p(t) = et (1 —/0 r+eT+SV?s)d8> .

Observe that V(0)p(0) > 6 and denote by T > 0 the first time where V(T)p(T) = 6 (obviously we
let T = +o0 if such a time does not exist). Then (go(t) - VL) = p(t) — % for all ¢t € [0,T), and
+

®
thus one can check that W (¢, z) = v(t, z)p(t) is a super-solution to (4.1) on the time interval (0,7"). In
particular, if T' < 400, it follows from the comparison principle that w(T,-) < W(T,-) < 0, and we are
done.
The condition T' < +o0o rewrites as: there exists 7' > 0 such that Fy(T) = 0 where

e_Tth t + + 0
F = 1—— — s =
L(t) =0 A0 +e€ /0 rTe A0(5) ds =0,

Ap(t) ::/<Lw(t,x)dm—|—e—t.

wherein
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We claim (see below for a proof) that A7 (¢) < 0 for all ¢ > 0. As a result, since F7(0) = € and

_pte Al
Fi(1) = 0™ 3D

<0, we are left to find T' > 0 such that F1(T) <0, that is

€ T efr'*'s efr"'T
1+-< r+/ ds + .
0 o Ar(s) AL(T)

Integrating by parts this is equivalent to

T e AL
< /0 TPl (4.6)

S-1Ea

But, since 0 < Ar(s) <1 (recall (2.5)) and A’ (s) <0 for all s > 0,

From this and (4.6
extinction.

T
/(]

—rts AL(s)
AL (s)

ds

T 4
> —/ e " CA(s)ds
0

> e T(1— AL(T))

— T T 7TZ / J*(z

= e T[1—eT—eT Z — (1 — Ri(L))

= e T|1-eT- e Tl —1)+e T Z —R;(L)

+ X
— e (rT+nT il
= e Z ] R;(L
i=1

), we conclude that (4.2) enforces T < +o0c and is thus a sufficient condition for

It remains to prove the claim that A’ () <0 for all ¢ > 0.
Proof. Observe that Ap(t) =e™" + [, ¥(t, x)ug(x)dx, where ug = 1(_r, 1), and thus

AL(t)

feftJr/R@tq/J(t,x)uo(x)dx
—etu0) + [ (70006 0) — 6(ta) + (@) wale)

/J(y)/(w
/J
/J

b = y)uo(a) = Vlt,x)ua(w) dady + ¢ [ (@) (un(a) = uo(0)) d

R

) * ug(y) — (¢, -) * uO(O)) dy +e ! /R J(z) (uo(m) — uO(O)) dx

— u(t,0)) dz,

where we have used (2.4) and the symmetry of ¢ and where u = u(t, z) is the solution of dyu = Jxu—wu
starting from ug. Now, since both J and ug are symmetric and nonincreasing on R, it follows from
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Xu et al. [28, Theorem 2.5] (and a regularization argument as above) that u(¢,z) < u(¢,0) for all t > 0,
2 € R. Thus we have A’ (t) <0 for all £ > 0. ]

We now take a kernel J satisfying Assumptions 1.1 and 1.2 with, in particular, the expansion (1.3)
for some 0 < 8 < 2. We consider the above extinction criterion in the limit ¢ — 0, revealing the role
of the dispersal kernel. Notice that the results below connect to the control issue: given a “final time”
T > 0, how large can we choose the size of the initial data so that the solution is everywhere smaller
than the threshold 6 at time 77

We start with the case 0 < 8 < 2. Our analysis seems to reveal that the “final time” does not affect
the order of magnitude L ~ e~1/# but plays a role in the value of the “multiplicative constant”.

Corollary 4.2 (Asymptotic extinction criterion, 0 < 8 < 2) Let Assumptions 1.1 and 1.2 be sat-
isfied with 0 < 8 < 2. Let T > 0 be a fized time. Then, for any 0 < v < 1, there exists ¢g > 0 small
enough such that, for each € € (0,¢€p) and for each

1/8
0<L<y <9aC'Te_T+T> e P,

the solution w = w(t,x) to (4.1) is everywhere smaller than 6 at time T and is thus going to extinction
at large times. Here constants a > 0 and C = C(8) > 0 come from the asymptotic expansion (1.3) and
Lemma 2.2-(ii), respectively.

Proof. For a given 0 < v < 1, we select an integer N large enough so that

N

Ti
B/2,T
> T

=0

Next, from (2.10), there is Ly > 0 large enough such that, for all L > Ly and 1 <i < N + 1,

, p/2; 9C
Ri(L) 27" 75
Hence, if L > Ly then
+00 vy N+1 1y
R —(rt+)T T B/2; aC _  pgp —rtraC
Oe > S Ri(L) > e Y. iy 2 eTe T
i i=1

As a result, to check the extinction criterion (4.2) it is enough to have

+7 aC
ﬁ.

Hence, there is ¢g > 0 such that, for all € € (0,¢p), the conclusion of the corollary holds true for

L>Ly and €< 759T€7T

N . o
L=v~ (HaCTe’T T) e~1/8 and also for smaller L from the comparison principle. [
On the other hand, the case § = 2 is more tricky as revealed by the following corollaries.

Corollary 4.3 (Asymptotic extinction criterion for exponentially bounded kernels) Let As-
sumption 1.1 be satisfied and assume further the exponential decay (2.11). Then there exists ¢ > 0
small enough such that, for each € € (0,¢eq) and for each L satisfying

1
0<L<C I,

with C~ = C~(r*,J) > 0, the solution w = w(t,x) to (4.1) is everywhere smaller than 6 at time

T=C"In 1 C-=C- (rt,J) > 0, and is thus going to extinction at large times.

e’
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Proof. We shall use the large deviations Cramér theorem, as stated in Lemma 2.3. We use the
criterion (4.2) with a single “large” term ¢ = i(¢): to prove extinction it is sufficient to obtain

ge—(r++1)T%Ri(L) > € or, equivalently,

| =

T 1 1
—(rt + 1)7 +InT - 7 In(i!) + 7 InR;(L) > —(Ine — Inb). (4.7

~

Recalling that Ly > 0 is defined in Lemma 2.3 let us fix 0 < Ly < sgp < Lj. Then since A* is
nondecreasing on (0, +00), one has 0 < A*(Lg) < A*(so) < A*(L1) < 400, while according to Lemma
2.3 the convergence in (2.12) holds uniformly in any compact subset of (0, L;]. We now choose

1 1
L=Cspln—-, T=i=[Cln-],
€ €
where C' > 0 is some constant to be determined so that (4.7) is satisfied for all € small enough.
From Stirling’s formula, we see that there is K > 0 such that 1 In(i!) < Ini+ K for all i > 1. Hence
the condition (4.7) is reached as soon as
N 1 1
—(r"+1)-K+ ;lnRi(L) > Z(lne —In#).

As € — 0, the right hand side tends to —1/C. On the other hand, we write

tin = (Bum (i) eae () - (2).

1
Csoln e the first term in the right-hand converges to 0 as € — 0 due to the uniformity

C'In %71 ’
of the convergence in (2.12), while the monotonicity of A* yields, for all € small enough,

& (5) 2 -ae).

Since sg < % <

i
As a consequence we get
1
liminf — In R;(L) > —A*(Ly).
e—0 17

As a result it suffices to have —(r* + 1) — K — A*(Ly) > —1/C, which is achieved by taking C' =
C(rt,sg) = C(r*,J) > 0 small enough. The extinction for smaller L follows from the comparison
principle. [

Corollary 4.4 (Asymptotic extinction criterion, some examples with 8 = 2) Let Assumption
1.1 be satisfied. Let T > 0 be a fized time.

(i) Assume that there are ca > ¢1 > 0, @ > 2 and xzg € R such that wFe < J(x) < rtre for all
|z| > |zo|. Then there is C~ = C~(0,r%,T,c1,) > 0 such that, for each € > 0 and each L
satisfying

1
0<L<C —,
€
the solution w = w(t,x) to (4.1) is everywhere smaller than 0 at time T and is thus going to
extinction at large times.

(i) Assume that J has regularly varying tails RV () with o > 2. Let us fix o/ > «. Then there exists
€0 > 0 small enough such that, for each € € (0,€y) and for each L satisfying

1
0<L<—,
€a’
the solution w = w(t,x) to (4.1) is everywhere smaller than 6 at time T and is thus going to
extinction at large times.
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(i4i) Assume that J has lognormal-type tails LN (v, \,p) with v > 1, A > 0 and p € R. Let us fix
XN > X. Then there exists g > 0 small enough such that, for each € € (0,¢y) and for each L
satisfying

2=

0<L<elrimnd)?

the solution w = w(t,x) to (4.1) is everywhere smaller than 0 at time T and is thus going to
extinction at large times.

(iv) Assume that J has Weibull-like tails WE(a, A, p) with 0 < o < 1, A > 0 and p € R. Let us fix
A > A Then there exists ¢g > 0 small enough such that, for each ¢ € (0,¢y) and for each L
satisfying

1 1\«
the solution w = w(t,x) to (4.1) is everywhere smaller than 6 at time T and is thus going to
extinction at large times.

Proof. We use the criterion (4.2) with only the term ¢ = 1: to prove extinction it is sufficient to obtain
g~ THUTTR (L) > €.

In case (i) since Ry(L) > 2L~ the conclusion easily follows.

In case (i), from (2.14) the condition is recast

CS(L) L™ >¢, C:= e~ (T,

where S is a slowly varying function. Letting L = %/, this is recast

CLY~*S(L) > 1,

which is true for L > 1 from known properties of slowly varying functions, see e.g. [16, VIII, Lemma
2]. As a result, extinction does occur for 0 < € < ¢ with ¢y > 0 small enough and L = —-. The

ea’

extinction for smaller L follows from the comparison principle.
In case (#i7), from (2.15) the condition is recast

CLPe AL >¢  (C:= ge— (T +OT e

2=

Letting L = elzrng) , this is recast
OLpe()\'f)\) In” L > 1,

which is true for L > 1. As a result, extinction does occur for 0 < € < ¢y with ¢y > 0 small enough and

1
L =e(312)7  The extinction for smaller I follows from the comparison principle.
In case (iv), we recast the condition thanks to (2.16) and use a similar argument. |

Remark 4.5 As easily seen from the proof, the estimate in case (ii) can be slightly improved (namely
o' can be taken equal to o) when the slowly varying function S satisfies S(L) — +oo as L — 4o0.
Similarly the estimates in (iii) and (iv) can be slightly improved (namely X' can be taken equal to )
when p > 0. Last, in (iv), when p =0, (4.8) can be replaced by

Q=

1. C
0<L< ()\ In ) , where C := e~ U, (4.9)

€
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5 Non-extinction criterion
In this section, we fix 7~ > 0, § € (0,1), and define the linear function
g(w) :=7r"(w—0). (5.1)
For e > 0 and L > 0, we consider w§, = w{ (¢, x) the solution of the Cauchy problem
{8tw:J*w—w+§(w), t>0,zeR,
w(0,7) = (0 +e)l_r )(z), z€R
We start with a criterion for non-extinction which does not require € to be small.

Proposition 5.1 (Non-extinction criterion) Let Assumption 1.1-(i) be satisfied. Let € > 0 and
L > 0 be given. Letn € (6,1) and m € (0,1) be given. Define

1 2(n —
TE = TIHM (53)
r €
(i) For all0 <t <T,, allz € R, wi(t,z) <0+ 2(n—0).
(ii) If
£ > +§OO s (1 —m)L)) (5.4)
20+~ Za" M=) '
then
in wS (T, z) > 1. .
in wy(Te,x) 21 (5.5)

Proof. Notice that the function w§ (¢,x) is given by
ws (t,x) =0 +e" '(v(t,x) —0), (5.6)
where v = v(t, z) denotes the solution of the linear equation
ov=J*xv—v, t>0,zecR,

starting from w§ (0,z) = (6 4 €)1 (_r, 1)(z). From the comparison principle v(t,z) < 6 4 ¢ for all t > 0
and z € R, and thus, for all 0 < ¢t < T,

2(n—0)

w(t,z) <6+
€

O+e—0)=0+2(n—-0), Vz e R,

which proves (i).
Next, we know from subsection 2.1 that v = v(¢,x) is given by

v(t,z) = (0 +¢)

L
e " _p,n)(x) + / 3 Y(t,z — y)dy] .

From (2.5) we obtain

v(t, )
0+e

=1+4et (]l(_L7L)(a:) — 1) — / ‘>L1/)(t,x —y)dy,
yl>
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and thus

w(t,a) = 04 (0 + )" [e—t(ﬂu,m(x)—l)— [ty 55|

ly|>L 0+

We now restrict to x satisfying |z| < mL. Since |y| > L ensures that |z| < mL < m|y| and |z — y| >
(1 —m)]y|, we deduce that

€

— Y(t, z)dz
0+ /|z|z<1—m)L( )

= 0+ (@+ee" t|——¢t / J*D(2)dz
@+9e |7 - Z o 7O

ws(t,x) > 0+ (0+ee" *

It follows from this and (5.4) that

2n—0) [ € €
T 2) > _ _
|mr\gl£LwL( €7x) 9+(9+6) € 0+6 2(0+€) n,
which concludes the proof of (ii). ]

Remark 5.2 Note that the right hand side of (5.4) is decreasing with respect to L > 0 from 1 — e~ T«
when L =0 to 0 when L — +o0.

We now take a kernel J satisfying Assumptions 1.1-(¢) and 1.2 with, in particular, the expansion
(1.3) for some 0 < 8 < 2. We consider the above non-extinction criterion in the limit € — 0, revealing
the role of the dispersal kernel.

Corollary 5.3 (Asymptotic non-extinction criterion, 0 < 8 < 2) Let Assumptions 1.1-(i) and 1.2
with 0 < B < 2 be satisfied. Letn € (0,1) and m € (0,1) be given. Then for all € > 0, there is Le > 0
such that the conclusion (5.5) holds for all L > L.. Furthermore, there is ¢ > 0 small enough such
that, for all 0 < € < €y, Le can be chosen as follows,

1

+ B

L.= ¢ (lln1> ,
1—m \e €

for some constant CT = CT(0,r=,J) > 0.

Proof. Observe first that the existence of L. directly follows from Remark 5.2. We now turn to the
asymptotic of L. as € = 0. From Lemma 2.1 we can write

=T = TE (1 —m)
Te € . _ Te €
2 E WRZ (1-m)L) <e g T L/ .
i=1 i=1 €IS a=yE
=T (1 —m) ) ~
T € —
<e ;:1 il L/E . (1= J(§))dE,

I< a2z
from the mean value theorem. Hence, from (1.3), there is C = C(8,a) > 0 such that, for all € > 0 and
all L > 0 large enough,

00 .

_ T

e T E FRZ ((1
=1

T:
BLB 0(1 —m)PLB”
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From this and the definition of T¢ in (5.3), we see that the non-extinction criterion (5.4) is satisfied, for
all € > 0 small enough, as soon as L > L := - (1 ln%)flf for some Ct = C*(0,r~,3,a) > 0, which

1-m
proves the desired result. ]

On the other hand, the case = 2 is more tricky as revealed by the following corollaries. Recall
that r~ is defined in (1.8) and ma(J) = [ #*J (z)dz.

Corollary 5.4 (Asymptotic non-extinction criterion for exponentially bounded kernels) Let
Assumption 1.1-(i) be satisfied. Assume further the exponential decay (2.11) and v~ € (0,1). Let
n € (0,1) and m € (0,1) be given. Then for all € > 0, there is Le > 0 such that the conclusion (5.5)

holds for all L > L.. Furthermore, there is g > 0 small enough such that, for all 0 < € < €y, Le can be
chosen as follows,
+
L. = ¢ In 1,
1—-m ¢

for some constant C* = C*(r=,J) > 0.

Corollary 5.5 (Asymptotic non-extinction criterion, some examples with § = 2) Let Assump-
tion 1.1-(i) be satisfied. Assume r— € (0,1) and ma(J) = 1. Let n € (0,1) and m € (0,1) be given.
Then for all € > 0, there is L. > 0 such that the conclusion (5.5) holds for all L > L. Furthermore,
there is eg > 0 small enough (possibly depending on & or X in cases (it), (1it) and (iv), see below) such
that, for all 0 < € < €y, Le can be chosen as follows.

2 for all

|z

(i) Assume that there are co > ¢1 > 0, a > 2 and xo € R such that Iwcﬁ < J(x) <

|z| > |zol|, then
+ 1 1\«
L= ¢ (hl) ,
1-m\e ¢

for some constant Ct = CT (0,77, ca,a) > 0.

(i1) Assume that J has regularly varying tails RV (o) with o > 2, then
1 1\®
L= ( In > ,
€ €
(i4i) Assume that J has lognormal-type tails LN (v, A\, p) with v > 1, A >0, p € R, then

1
1. 1\~
Lez fl - B
exp (A H6>

(iv) Assume that J has Weibull-like tails W E(a, A, p) with0 < a <1, A >0, p € R then

for any given 0 < & < a.

for any given 0 < X < \.

1 1.1 o 2
Li=—(=In~-] , 4 0 =,
T ()\n€> if <a<3

for any given 0 < A < A, while

1
1\ 2a-®
L, = (ln ) , if
€

for any given 0 < a < & < 1.

SURN
IN

a<l,
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Corollary 5.6 (Asymptotic non-extinction criterion, Weibull-like tails WE(a, A\, p = 0)) Let As-
sumption 1.1-(i) be satisfied. Further assume that J has Weibull-like tails WE(a, A,p = 0) and
r~ € (0,1). Letn € (6,1) and m € (0,1) be given. Then for all € > 0, there is L. > 0 such that
the conclusion (5.5) holds for all L > L.. Furthermore, there is eg > 0 small enough such that, for all

0 < e < ey, Le can be chosen as follows,

ct (1. 1\*
L.— =),
1—m<)\ne>

for some C*T =C*(J) > 0.

and 5.6 directly follows from Remark 5.2. We now

Again the existence of L. in Corollaries 5.4, 5.5
.6. We assume

5
, B.
turn to the estimates in Corollaries 5.4, 5.5 and 5

0<r” <1 (5.7)

As a preparation we consider the sum of the series in (5.4) and roughly show that, for ¢ large enough,
the main contribution corresponds to the indexes i around ¢. To see this, observe that for any ¢ > 0 and
any M (t) € N such that M (¢) <t one has, using i! > i*e™* and since i — 7+ ilnt — i1ln4 is increasing
on (0,t),

M(t) 4i M(t) ot \M®)
et ; T <et ; exp (i +ilnt —ilni) < e "M(¢) <]\4(t)) . (5.8)
On the other hand, for any ¢ > 0 and any N(t) € N such that N(t) > et, one has
+oo L,y +o0 i +o0o % N(t)
_ t _ et _ et _ et N(t)
t < t _ < t _— = v _— —_—. 5.9
o gt Y (F) < X () = () vooa 69
i=N(t) i=N(t) i=N(t)

Let us choose 0 < v~ < 1 such that
vy In(e/y7) <1—r7,
and M(t) = [y t]. Theny t—1< M(t) <~ ¢ <t and thus (5.8) yields
M)

¢
N~ L o ete ~¢ln —
€ Zi!_7 € axPL\T nv‘t—l ’

i=1

so that
M (1) 4 _
et Z T <y texp[(v In(e/y) = 1)t +O1)] =o(e™" ¥), ast— too.
i=1

Let us next choose N (t) = [3t] + 1 > et, so that (5.9) yields

o0 5
_ t o [3t]+1 -
¢ ¢ et
e A_EN(U T <e 7[375] i o(e ), ast— +oo.

To summarize the above analysis, since J*(!) > 0 and f]R J*@) (z)dx =1 for any ¢ > 1, we have proved
the following lemma.
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Lemma 5.7 Assume that 0 < r= < 1. Select v~ > 0 small enough so that v~ In(e/v7) < 1 —7r".
Defining
M) :=[y"t], N(@):=[3t]+1

we have

‘tZ R(@-mn) = Y SR mn) ro(eT), wtote,  (510)

il
i=M(t)
independently of m € (0,1) and L > 0.

Let us recall that T, = T% In @ and define M, := M(T.) and N, := N(T,). Then, from Lemma
5.7, we see that the non-extinction criterion (5.4) is satisfied as soon as

N

ie e T Z m)L). (5.11)

holds for € > 0 small enough. We now explore the new criterion (5.11) with various assumptions.

Proof of Corollary 5.4. Here we assume that J is exponentially bounded in the sense of (2.11). Let
us fix A > 0 so that A(\) < +00. Now choose L = T.¢ with £ > 0 to be determined later. It follows
from (2.13) that

N, . N. .
_ ST T? (1 —m)LT,
Te € 5 €
ey R ((1- Z o ex ( (AZ_ — A(A)))
i=M. =M.
N, 7; _
Y e ( (A A(A))) ,
i=M.
for € > 0 small enough since then 2 N = [STT] T > % Hence we reach

N. i —m
e T i:ZME %Rz (1=m)L) <e T exp (T <’\(16)Z_A(’\))> .

As a result the criterion (5.11) is satisfied as soon

_(,\0;67")@_1\()\)) < —In(40) + lne + T

€

e

Recalling T, = T% In @ this rewrites as

,(A%H\(A)) < —In(46) 1o —Ine -
T, In(2(n—0)) —Ilne

Since the right hand side tends to 1 —r~ > 0 as € — 0, one can choose ¢ > 0 large enough so that the

above inequality holds for € > 0 small enough. This completes the proof of Corollary 5.4. ]

€

Now, we denote d,, the threshold sequence as given by Table 1 in Lemma 2.4, and +, a sequence
such that 7, > d,,. From the uniform conclusion (2.17) of Lemma 2.4, there is ¢y > 0 such that, for all
0 < e<eg, allLZ’yMe7

N .
e i
e T § Z,—;Ri (1- ) <2e7 7 § —le m)L) <2T.Ry ((1—m)L).

=Me
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As a consequence the criterion (5.11) is asymptotically satisfied as soon as L > L, where

Lo dy, and Ry (1—m)L) < clil, (5.12)
0l

L 2020

where C = C(0,77) is a positive constant and where we recall that M, = [y T,], T. =
We now rely on Table 1 to compute L. for different kernels in Corollary 5.5.

Proof of Corollary 5.5-(¢). In that case, since

202 1
_ < Tz -
Ry ((1 m)Le) S A —mp s

€

the second condition in (5.12) is asymptotically satisfied if

1
1. 1\~
(1-m)L,=C" < In ) with appropriate Ot = C* (0,77, cp,a) > 0.

€ €
In view of the line concerning RV («) in Table 1 of Lemma 2.4, the first condition in (5.12) is also
satisfied. This proves Corollary 5.5-(4). |

Proof of Corollary 5.5-(i7). For RV («a) with a > 2 and any given 0 < & < «, it follows from
(2.14) and known properties of slowly varying functions, see e.g. [16, VIII, Lemma 2], that the second
condition in (5.12) is asymptotically satisfied if

1.1
L= <1n>
€ €

In view of the line concerning RV («) in Table 1 of Lemma 2.4, the first condition in (5.12) is also
satisfied. This proves Corollary 5.5-(i1). |

Q=

Proof of Corollary 5.5-(iii). For LN(vy,A,p) with v > 1, A > 0, p € R, and given 0 < A<\ it
follows from (2.15) that the second condition in (5.12) is asymptotically satisfied if

1
1. 1\~
e — Tl -
L. =exp (}\n(:_)

In view of the two lines concerning LN (v, A, p) in Table 1 of Lemma 2.4, the first condition in (5.12) is
also satisfied. This proves Corollary 5.5-(4i7). ]

Proof of Corollary 5.5-(iv). For WE(a, A, p) with 0 < a <1, A >0, p € R, in view of (2.16) and
the line concerning W E(«, A, p) in Table 1 of Lemma 2.4, to reach the condition (5.12) it is sufficient
to have

1) o “A(1=m)* L /
Le> [ In- and Lfe m)le < (O
€

€

l?
ln6

(5.13)
for some appropriate C' = C'(0,r~,m, a).

When0<a<§,the choice
1 1 1
e ()
1—m\ )\ €

for any given 0 < A < A, ensures that both conditions in (5.13) are asymptotically satisfied.

Q=
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On the other hand, when % < «a < 1, the first condition in (5.13) prevents such a choice and we are

compelled to take
1\ 2=
L= <ln ) ,
€

for any given % < a < @ < 1, for the two conditions in (5.13) to be asymptotically satisfied. This proves
Corollary 5.5-(iv). ]

Observe that when % < a < 1 the above estimate on L. is not so good in particular when o — 1.
However for some specific forms of Weibull-like tails WE(«, A, p) with p = 0, we can rely on (2.19) to
obtain a sharper estimate.

Proof of Corollary 5.6. By a change of variable, the estimate for W E(a, A, p = 0) can be transformed
into one of (2.18), namely for WE(a, 1, p = 0). From (2.18) and (2.19), we have, up to a multiplicative
constant,

N, ; N, ;
_ I B I (1 _ m)2 ] (1 _ m)a
T Tep. _ T, Te _ 2 _ o
et i R (1-m)L) < e | E | exp ( 0 L ) + iexp ( e L
=M, i=Me
(1-=m)® , (1 —m)”
< ————L T ————L%].
>~ exp ( 20NN, + Leexp 9a

Recalling Ne = N(T.) = [3T.] + 1 and T, = r% In @7 one can check that the above right hand side
is asymptotically smaller than 5 if we choose

5
1
+ Y

L=L,:= ¢ <ln1>

C1—-m €

with CT = C*(J) > 0 large enough. As a result, the non-extinction criterion (5.11) is satisfied. We
have thus reached the announced sharper estimate when p = 0 (which, when o — 1, is consistent with
the exponential case shown in Corollary 5.4). This completes the proof of Corollary 5.6. [

6 Quantitative estimates of the threshold phenomena

In this section, relying on Sections 4 and 5, we complete the proof of the main results of Section 3. We
denote u§ = u§ (£, z) the solution to

Ou=J*xu—u+ f(u),

starting from ¢ (z) = (0 + €)1 (_r, 1)(x). We start with the extinction results.
Proof of Theorem 3.1. By (3.2), u§ is a sub-solution to problem (4.1). As a result, Theorem 3.1 follows

from Proposition 4.1 and the comparison principle. [
Proof of Corollary 3.2. The proof is a rather straightforward combination of Corollary 4.2 and the
fact that maxrsg Te ™' T = e t/rt. ]
Proof of Corollary 3.3. The proof is a straightforward consequence of Corollary 4.3. ]

Proof of Corollary 3.4. The proof is a straightforward consequence of Corollary 4.4 and Remark 4.5.
(]

Let us now investigate the propagation results.
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Proof of Theorem 3.6. From (1.8) in Assumption 1.3, one has
fw) = g(w),  Vw € (—o0,d],

where §(w) = r~(w — ) was defined in (5.1). Let 0 < a < 5% be given small enough so that we can
define a Lipschitz continuous function f : R — R such that f </,
~ f(w for w € (—o0,0) U [d, 0),
flwy = 37 o 0) L 0.e) (6.1
r~(w—6) for w € 6,0 + 2],
and f satisfies Assumption 1.3 (in particular fo s)ds > 0 and (1.8) holds on [0,60 + 2«a]). Denote
d} = w(t,z) the solution to :
O = J + 1 — W + f(b), (6.2)
starting from x) = ¢5(z), so that w(t,z) < uf(t,z) from the comparison principle. Consider

w(0,
the time 7. = -1 In2%. For 0 < € < 2o we know from Proposition 5.1 (i) (setting 7 = 6 + «) that
1D§0—|—2a§50 [0,T] x R. Since

flw) > g(w), Yw e (—o0, 8+ 2a],

one obtains from Proposition 5.1 (i7) that, for any given m € (0, 1), there exists ey > 0 such that for all
e € (0,¢9) and L > L, where L. satisfies (5.4), one has

UE(TE,.’E) > 7I](T’EMT) > (9 + a>]l(me€,ng)‘

From the propagation Assumption 3.5 for the nonlinearity f, we know that L2'P < +o0 exists, that
is, for £ > L2 the solution to (1.1) starting from (6 + )1 (_; ) propagates. As a result, for € > 0
small enough so that mL, > L2™P, one has u§ (T +t,z) — 1 as t — +oo locally uniformly in space
and therefore u§ (¢,z) — 1 as t — +oo locally uniformly in space. We have thus proved that, for L.
satisfying (5.4), we have LP"P < L. for € > 0 small enough. This completes the proof. ]

Proof of Corollary 3.7. Combining the arguments in the proof of Theorem 3.6 with Corollary 5.3, one
can obtain the desired results. [

Proof of Corollary 3.8. Combining the arguments in the proof of Theorem 3.6 with Corollary 5.4, one
can obtain the desired results. ]

Proof of Corollary 3.9. Combining the arguments in the proof of Theorem 3.6 with Corollary 5.5 and
Corollary 5.6, one can obtain the desired results. [
7 Propagation threshold

This section is devoted to the proof of the propagation threshold result, namely Theorem 3.11. We
shall rely on some ideas developed by Fife and McLeod in [17, Theorem 3.2] and crucially make use of
the following integrability properties of the wave profile U.

Lemma 7.1 Let Assumption 3.10 be satisfied. Then any monotone traveling wave (¢,U) solving (3.8),
and whose existence follows from [5], satisfies the integrability properties

0 “+oo
/ U(z)dx < 400 and / (1-U(x))dr < +oo.
oo 0
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Proof. This is nothing else than [5, (5.9)] but, to enlight the importance of the finite first moment
hypothesis (3.7) and for the convenience of the reader, we give a proof of the integrability of 1 — U in
~+00 (the other one being similar).

From the equation satisfied by U, U(+o0) = 1, and the assumption f/(1) < 0, there are R > 0 and
C41 > 0 such that

— (J*xU)(x)+ U(z)+cU'(z) = f(U(x)) > C1(1-U(x)) >0, Vz>R. (7.1)

Now we consider £ > 0. When ¢ # 0 the regularity of the wave, see subsection 3.4, enables to write

R+L R+¢  p+oo
/ (JU(2) — U(x))de = ﬁt [_euwwu—w—vun@m

R
R+{  p+oo 1
—/ / J(y)/ yU' (x — sy) dsdydz
R —00 0
—+oo

—/myﬂwﬁwljﬂwm—wmadwy

“+o0 1
—/ yJ(y)/O (U(R—I—E—sy)—U(R—sy)) dsdy,

—00

thanks to Fubini’s theorem. Note that, when ¢ = 0, a mollifying argument as in [2, Lemma 3.2] shows
that the above conclusion is still valid. As a result, since 0 < U < 1, we get, for any £ > 0,

+oo
gz/' 11T () dy.

— 00

R+Y
/ (J +U(2) — U(x))da

R

On the other hand, for any ¢ > 0,

R+-£
/ cU'(x)dz

R

= |c| (U(R—i—@) — U(R)) <|¢|.

We thus deduce from (7.1) that, for any ¢ > 0,
R+( +00
Cl/ (1—-U(z))dz < |c| + 2/ lylJ(y)dy < 400,
R —00
which implies that 1 — U € L*(R,00) and completes the proof of the lemma. |
We now turn to the proof of Theorem 3.11.

Proof of Theorem 3.11. Let Assumption 3.10 be satisfied and assume fol f(u)du > 0. Consider (¢, U)

an increasing traveling wave solution to (1.1) with ¢ > 0. We aim at showing that, for any € € (0,1 —6],

there exists L > 0 large enough such that propagation occurs for u$ the solution to (1.1) starting from

(3.1). To do so and as mentioned above, we rely on the approach of [17] for the classical diffusion case.
Let us consider the function u given by

u(t,x) :=Uy(t,x) +U_(t,x) — 1 —q(t),
with Uy (t,x) :== U((+(t,x)), where (4 (t, z) take the form
C+(t7x) =z +ct— S(t), C*(tvx) = CJr(t? —1’) =—z+cl— g(t)

Here ¢ = ¢(t) and & = £(t) are functions to be determined for u to be a sub-solution to (1.1).
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From the above and the U-equation, we straightforwardly compute, for ¢t > 0 and = € R,

= =) [U' (¢ (t2) + U (¢ (t,2))]
+f(Ur(t,2) + f(U-(t,2)) — f(U+(t, x) +U-_(t,z) =1 - q(t)) —q(t). (72

Nu(t,w) = Oult.a) T xu(t,z) +ult,x) — f (ult.z))

Before going further, let us introduce some notations. Denote « := 6 + € € (0, 1] the fixed height of
the step initial data. Fix two constants 1 —a < g9 < ¢1 < 1 — 6 so that

9<1—q1<1—CJ0<047

and define the function ®, continuous on R X [0, +00), as

fu=s)—f(u) ifs>0
D(u,s) := s ’ ’
(t9) {—f’(u), if s = 0.

Moreover, for 0 < s < ¢g; we have § < 1—¢q; <1—3s < 1, so that ®(1,s) > 0. Also ¢(1,0) = —f'(1) >0
Thus there exists p > 0 such that ®(1,s) > 2u for 0 < s < ¢;. By continuity, there exists a 6 > 0 such
that ®(u,s) > pfor 1 —§ <u<1and 0 <s <gq. It then follows that

flu—s)— f(u) >ps, foralll—f<u<1land0<s<gq. (7.3)
Last, we fix b > 0 large enough so that
flu) <b(l—w), forall0<u<1. (7.4)

Claim 7.2 For any sg > 0,

g(t) == /o e M=) (1 — Ules + sg))ds

tends to 0 as t — +o0.

Proof. Observe first that 0 < g(t) < fg e Ht=s)ds = i (1 —e™#), so that g € L>(0,00). Next note
that ¢'(t) =1 —U(ct 4 so) — ng(t), so that ¢’ € L>°(0,00). Next, by Fubini-Tonelli’s theorem,

+oo oo +oo
/ / / —n(t=s) (1 =U(cs+ sp))dsdt = / e (1—=U(es+ so))/ e Mt dtds
0 s

+o0 +oo
= ;/o (lfU(cs+50))dsff/ (1-U(z))dx

1 [t
< — 1-U(x))de=—|1-U < 7.5
< o[ = U@)r = =Vl <+ (75)
from Lemma 7.1, so that g € L'(0,00). Now, the combination of g € L'(0,00) and g’ € L°(0,00)
enforces g(t) — 0 as t — +o0o, which completes the proof of the claim. ]

From ¢(0) = 0 and the above claim, g attains its maximum at some tg > 0, and

1 1
= 1-— 1-— . .
gto) =maxg(t) = Z(1 = Uleto + 50)) < (1 = U(s0)) (7.6)
For constants &y < 0 and 7y > 0 with sg := —ny — & > 0 to be be determined below, we select
t
q(t) == qoe ™™ 4+ bg(t) = qoe " + b / e M=) (1 — Ules + sg))ds, t > 0. (7.7)
0
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We also let £(t) = & + n(t) where 7 is to be selected below with the properties

n(0) =0, 7'(t) > 0, n(t) <no < —&o. (7.8)

In the sequel, we aim at reaching Nu(t,z) < 0 for all z € R, ¢ > 0. Since both wu(¢,-) and J are
symmetric, it is sufficient to work with z > 0. Since U’ > 0 we have, for all z > 0 and ¢ > 0,

1-Us(t,z) +q) = 1-Ulz+ct—£(1)) +q(?)

L —Ul(et — & —n(t)) + qo + bg(to)
1—U(=& —no) +qo + %(1 —U(=& — o))
(1+b/p)(1 = U(so)) + qo-

Choose sg > 0 large enough so that (1 +b/p)(1 —U(so)) + g0 < ¢1. As a consequence, for any such
choice, one has, for all £ > 0 and = > 0,

ININ

0<1—Uy(ta)+qt) < ar. (7.9)

Below we complete the construction of the sub-solution by investigating the sign of Nu(¢,x) for x > 0
and t > 0. To do so, recalling that 6 > 0 was chosen above for (7.3) to hold, we split our analysis
according to the value of U_(t, ).

First case: 1 —6 < U_(¢t,z) < 1. Then, from (7.3) and (7.9),
FU-(t,2)) = F(U-(t,2) = (1 = Uy (t2) + a(t) ) < —p(1 = Uy (t,2) + q(t). (7.10)
Plugging this into (7.2), using U’ > 0, £'(t) > 0 and (7.4), we reach

Nu(t,z) < —p(l—Uyg(t,z)+q(t) +b(1 = Uy(t,z)) — q'(t)
(b—p)(1 = Uy(t,x) — pq(t) — q'(t)

IA

b(1 = Uy (t,z)) — pg(t
b(1—U(x +ct —&(1))
= b1 -U(z+ct—£1))

) —dq'(t)

) — ng(t) — ()

) — ( Ul(et — & — o))
>

0 and —£(t) > —&o — no, we end up with

from the definition of ¢(¢) in (7.7). Since U’ > 0, x
Nu(t,z) <0.

Second case: 0 < U_(t,r) < 6. Let us recall that f € C'(R) and f/(0) < 0. Therefore, up to modify
f on (—00,0) (which is harmless for the problem under consideration since solutions are nonnegative),
we may assume that there are i > 0 and > 0 such that

') < —f, Yue (—00,d)]. (7.11)

Also, up to reducing p and ¢ appearing in (7.3) if necessary, we may assume 0 < § < dand 0 < p < fi.
As a result,

f(u)ff(u—s):/ f(o)do < —ps, forall —oco <u<4dands>0.

From this we, again, deduce (7.10) and conclude as in the first case.

Third case: § < U_(t,x) < 1—4. If we denote C > 0 the Lipschitz constant of f on the interval
[0 —q1,1 — 6], we deduce from 6 < U_(t,z) <1—4§ and (7.9) that

JU- () = (U~ (o) = (1= Us(t,2) + q(1)) ) < C(1 = Uy (t,2) + q(t)). (7.12)
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From (7.4), we have f(Uy(t,z)) < b(1 — Uy (t,x)). Moreover, in this third case, we have

U'(Ce(t,2) + U'(C-(t, ) 2 U'(C-(t, 7)) = U'(z) =1 > 0. (7.13)

min
U=1(6)<z<U~1(1-5)
Plugging this into (7.2), we get

Nu(t,z) < —9€(t)+ (C+b)(1 - Uy(t,z)) + Cq(t) — q'(t)
= —9n'(t)+ C(1 = Us(t,2)) + (C 4+ p)q(t) + b (U(ct + s0) — U(¢4(t, @)

from computing ¢’(¢). Since (y(t,2) =z +ct —&(t) > ¢t — & — o = ¢t + so and U’ > 0, we obtain

Nu(t,z) < —9n'(t) + C (1 = Uz + ct — £(t))) + (C + w)q(t). (7.14)
We now select
n(t) = %/0 (1—U(es+ s0))ds + (Cﬂ;,u)(]o/o e Mids

t s
+7b(01;_ ") / / e_“(S_T)(l —Ul(er + so))drds.
o Jo

Obviously 7(0) = 0 and
In'(t) =C (1= Ul(ct + s0)) + (C + p)q(t) >0, (7.15)

and thus n(t) < n(4o00) for all t > 0. We estimate 1(+o0) as follows:

—+oo +oo
n(+o00) = %/ (1 =U(cs+ sp))ds + %/ e Hds
0 0

+oo s
+M / / e P (1 — Uler + s¢))drds
v 0 0
+o00

c C+ p)qo +b(C+M)

(
o J, (1-U(x))dz + P =

<

+o0
/0 (1 - U(@))de = 1o,

from the same computation as in (7.5).
Plugging (7.15) into (7.14), we reach Nu(t,z) < C (U(ct + sg) — U(x + ct — £(t)) which is nonposi-
tive as already argued above.

Conclusion. With the above choices, we have therefore verified that Nu(t,z) < 0 for all (¢,2) €
(0,400) x R. For |z| < L, one has

u(0,2) =U(x = &) +U(-z—&) —1—q <1—q <a=alrr().
For |z| > L, one has
uw(0,2) =U(x— &) +U(—z— &) —1—qo <U(—L—&) —qo <0,
if L = L(&) > 0 is large enough. As a result, for such a large L > 0,
u(0,2) <al_py(z), YreR.

It follows from the comparison principle that w(t,z) > u(t,z) for all t > 0, x € R. Since u satisfies
(3.10), so does u and the proof is complete. ]
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A Appendix: the uniformity in (2.12)

In this Appendix, we show that the uniformity of the limit (2.12) is a consequence of an important
estimate taken from [19].

Let J : R — R be a non trivial and nonnegative function such that
(i) J € LY(R), J(—z) = J(x) a.e. z € R;
(i) there exists ap > 0 such that x — J(z)e®® € L'(R).

In particular, fR J(z)e**dr < o0 for all « € [—ap, ap]. For a € A := (—ap, ), consider J, : R — R
given by
e** J(x)
Jo(2) i = ——r——.
fR eozyJ(y)dy

Note, that for all « € A, J, is a probability distribution which admits moments at any orders. Then
consider m : A — R and v : A — R where, for any o € A, m(«) and v(a) denote the mean value and
the variance of J,, respectively. Note that these two maps are smooth and that

m/(a) = v(a) > 0, Ya € A.

Moreover due to (i), one has m(0) = 0. Define also the function a : m(A) — R by a = m™!, so that

0 € m(A), a(0) = 0 and a is continuous and increasing. Using the above notations, [19, Theorem A ()]
reads as follows.

Theorem A.1 Set forn >0 and L > 0,
R, (L) := / J ) (2)d.
|z|>L
Then, under the above assumptions, for any compact set K of AN[0,00) one has
Ry (nz) = 2e7 A @) p (nv(a(x))a(x)z) (1+o0(1)) asn — +oo,

uniformly for x € R such that a(xz) € K. Herein 7 : [0,00) = R is the function given by

+oo
T(\) = (2m) Y22 /ﬁ e~V /2y,

while A* denotes the Fenchel-Legendre transform of the logarithmic moment generating function of J,
as defined in Lemma 2.3.

Equipped with this we can conclude on the uniformity of the limit (2.12) as stated in Lemma 2.3.

Proof. Since a is continuous, increasing and a(0) = 0, we can fix L; > 0 such that

0< L < lim m(a), and a(L1) < ap.

a—roQ

Now select Ly > 0 such that 0 < Ly < L;. With such a choice, a ([Lo,Ll]) is a compact subset of
ANJ0,00). Hence from Theorem A.1 we obtain, uniformly for « € [Lg, L1],

%hﬁRn(nm) =—A"(x) + %lnr (nv(a(m))a(m)Q) +0 (111) , asn — +oo.
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Note note that 0 < a(Lg) < a(z) < a(L1) < ap for all © € [Lg, L], so that there exists n € (0,1) such
that
n < v(a(z))a(x)? <0~ Vo € [Lo, Lu].

Hence, since one has
(A ~ (27A) 72 as A — 400,

this yields

Tir (mo(a@)a@)?) =0 (hm) ,

n n

as n — +oo and uniformly with respect to « € [Lg, L1]. This proves the uniformity in (2.12). |
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