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Abstract

We propose a model to characterize how a diffusing population adapts under a time
periodic selection, while its environment undergoes shifts and size changes, leading to sig-
nificant differences with classical results on fixed domains. After studying the underlying
periodic parabolic principal eigenelements, we address the extinction vs. persistence issue,
taking into account the interplay between the moving habitat and periodic selection. Sub-
sequently, we employ a space-time finite element approach, establish the well-posedness of
the approximation scheme, and conduct numerical simulations to explore these dynamics.

Key Words: dynamics of adaptation, long time behavior, periodic parabolic eigenele-
ments, finite elements approximation, numerical simulation.

AMS Subject Classifications: 35K57 (Reaction-diffusion equations), 35P15 (Estimates of
eigenvalues in context of PDEs), 65M06 (Finite difference methods for initial value and
initial-boundary value problems involving PDEs).

11
11
12
15

16
17
18
24

28



1 Introduction
In this work, we consider the solutions u = u(t, z) to the boundary value problem

e = dutgy + (r — o) (g azopt(t))Q) u,  t>0, A(t) <z < A(t) + L(t),
(1.1)
ut, A()) = u(t, A(t) + L(£)) = 0, t>0,

where d > 0, r > 0,

xopt(t) = A(t) + B(t)L(t)a (12)
and, obviously, we use the shortcuts us, ug, for dwu, d.;u. One of the originalities of
stands in the fact that it is posed on an interval that may not only shift, through the function
A € C?([0,4+);R), but also change size, through the function L € C?([0, +o0); (0, +00)).
Both functions a and 3 are assumed to be Holder continuous and T-periodic for some given
T > 0, and « is positive. The boundary conditions at x = A(t), x = A(t) + L(¢t) are of the
Dirichlet type. We aim at exploring the long time behavior of the solutions to .

In ecology or population dynamics, this serves as a linear model to describe the adaptation
of a diffusing population, whose mobility is measured by the constant d > 0, living in a moving
and size changing habitat. The reasons for such moving range boundaries, see [§], could be the
consequences of flooding, forest fire, etc. This also connects to the issue of ecological niches
shifted by some external factors, such as Global Warming, and which has received a lot of
attention, see [41], [44], [9], [L1], [2], [I0] and the references therein. Furthermore, the growth
depends on the location in the environment: the maximal growth rate » > 0 is reached at the
time dependent position , that turns out to be outside the domain when 3(t) ¢ (0, 1), and,
away from this optimal position, the growth decays quadratically with a pressure measured
by the function . The periodicity of functions a and § may reflect, see [7], some seasonal
variations in temperature, water level, etc.

On the other hand, in the context of evolutionary biology, diffusion then models the
mutation process, where x denotes a phenotypic trait (see [30], [32], [I3] among many other
references). In this framework, the fitness (reproductive success) of a phenotype x is described
by a function that decreases away from the optimum and, here, we use Fisher’s geometrical
phenotype-to-fitness model, see [45], [38], [3], [22], [23], [4] and the references therein. Precisely,
the fitness function admits a unique maximum and decreases quadratically away from it.
Furthermore, while the phenotypic space changes through functions A and L, the location
of the optimum z = z,,(t) also moves through the periodic function 3, and the intensity of
selection varies through the periodic function «. This connects to the issue of moving optima
studied in [43], [33], among others, while the conjugate effects of periodic moving optimum
and intensity of selection were analyzed in [18] [19].

Hence model can be considered in both frameworks of ecology and evolutionary
biology and, in the following, we may alternatively refer to habitat, spatial dispersal, growth
or to phenotypic space, mutation, selection.

In a series of very recent works, Allwright |8 [0, [7] has addressed the issue of reaction-
diffusion problems posed on shifting and /or changing size domains, revealing sharp differences
with the case of fixed domains. Among other things (such as the role of competition and/or
the dimension) she proved that, when o = 0, it may happen that the population survives
although the habitat is always strictly smaller than the critical one, a phenomenon only
possible in presence of a moving habitat.



Nevertheless, in these works, all individuals are assumed to be identical (@ = 0) and
selection is thus ignored. The purpose of this work is to take into account this phenomenon
(a > 0) in the context of a moving phenotypic space and to investigate how the interplay of
periodic selection and shifting/expanding domains affect population dynamics. To do so, we
rely on both an analytical and a numerical approach.

The paper is organized as follows. In Section [2| we consider the case of a fixed domain,
and provide estimates on the underlying periodic principal eigenvalue, revealing contrasted
outcomes depending on the fluctuations of the location of the optimum and of the intensity
of selection. In Section [3] we consider the moving habitat case and study the extinction
vs. survival issue for solutions to (1.1). To this end, we first transform the problem to one
posed on a fixed domain and construct appropriate sub- and super-solutions, whose long-time
behavior can be analyzed using insights from Section [2] Finally, Section {4 is dedicated to the
numerical investigation of problem (|1.1)). To this end, we adopt the well-established space-
time finite element method originally introduced in [I2] and later extended, for example,
in [39], for the approximation of parabolic evolution problems on moving spatial domains.
To improve stability, the method uses a time-upwind test function, following the Streamline
Upwind Petrov-Galerkin (SUPG) approach. We formulate this scheme to our specific setting,
namely problem ([I.1). Due to the lack of boundary regularity in our case, the underlying
functional framework is more intricate than the one considered in [39]. We then establish
the well-posedness of the resulting discrete problem and validate the method against an exact
analytical solution in a simplified static setting. Finally, we apply this approach to perform
simulations exploring different types of domain evolutions and revealing key insights into
population survival /extinction dynamics, as discussed in detail in Section

2 The case of a fixed domain

In this section, we consider (1.1)) in the special case A(t) = 0 (no shift of the domain), L(t) = L
(constant size of the domain), that is

ut:dum—k(r—%t)(x—ﬁ(t)L)z)u, t>0,0<z<L,
(2.1)
u(t,0) = u(t,L) =0, t>0,

where we recall that both a and 8 are Holder continuous and T-periodic for some 7" > 0.
We denote A = A(a, B) the principal eigenvalue, ¢ = (¢, x) the principal eigenfunction
solving the periodic parabolic eigenproblem

got—dgom—(r—@(x—ﬁ(t)Lf)gp:)«p, teR,0<x <L,
t,0) = ¢(t, L) = 0, teR,
o(8,0) = (¢, I) )
p >0, teR,0<ax <L,
Lp(t,z) =p(t+T,x), teR,0<a<L,
where ¢ is normalized by
¢l Loo mx (0,1)) = 1- (2.3)



The existence, uniqueness of such a principal eigenpair and the regularity of ¢ are classical,
see Theorem quoted from [I5]. For further details on such eigenelements, see [24], [14],
[28], [40], [35], [36] and the references therein.

In the sequel, for a T-periodic function ¢t — R(t), we denote (R) its mean value that is

1 (T
(R)= 7, /0 R(s) ds.

It is well known that the sign of the principal eigenvalue of (2.2) decides between survival
(when A < 0) from extinction (when A > 0) in problem ([2.1). Hence the following estimate
for A is crucial and is the main result of this section.

Theorem 2.1 (Bounds for the eigenvalue). Let L > 0. Let t — a(t) > 0, t — B(t), be both
Hoélder continuous and T-periodic. Then, the principal eigenvalue X defined in ([2.2]) enjoys
the bounds

— 2

dn? dm? (a) (272 -3 (aB?) (af)
< 672 " {a) <a>>’ (24)

where

R™(t) :== min (a;t) (z — 6(t)L)2>. (2.5)

0<z<L

2.1 Bounds for the eigenvalue, proof of Theorem [2.1

We begin with the following classical result: if the growth term is independent of x, the
principal eigenelements can be explicitly determined. More precisely, the following statement
holds.

Lemma 2.2. Ift — R(t) is T-periodic and Holder continuous, the principal eigenvalue cor-
responding to problem u; = duzy + R(t)u (with zero Dirichlet boundary conditions as above)
is nothing else than

Proof. Denote ¢(x) := sin (Fz) solving —d¢" = dL—”;qb, »(0) = ¢(L) =0, ¢ > 0on (0,L).
Plugging the ansatz ¢(z)f(t) into the eigenvalue problem we are left to

2
r=(r- T r0) s

whose nontrivial solutions are T-periodic if and only if A — dLL; + R(t) has zero mean, which
gives the result. 0

Next, the principal eigenvalue is decreasing with respect to the growth term, see [24]
Lemma 15.5]. Precisely, the following holds.

Lemma 2.3. Fori=1,2, let R; € C2*(R x [0, L]) be T-periodic in time. Denote \; the prin-
cipal eigenvalue corresponding to problem uy = dugy + Ri(t, x)u (with zero Dirichlet boundary
conditions as above). Then

Ry < Ry, Ry # Ry = Ao < A1.



From Lemma [2.2] and Lemma [2.3] we immediately infer the following bounds on the
principal periodic parabolic eigenvalue.

Proposition 2.4 (First Bounds for the eigenvalue). The principal eigenvalue \ defined in

(2.2)) satisfies
— =T+ (RT) <A< —5 — 7+ (RT), (2.6)

R (1) = min, (0‘2 (z — ﬂ(t)L)2> . BT = max (O‘ét) (x — B(t)L)2> L@

The upper bound in is obtained by first maximizing the reaction term in space and,
next, using the mean value in time thanks to the above lemmas. It turns out that taking the
mean value in time first, which we do below, provides a better upper estimate.

In [28] Hutson, Shen and Vickers proved that the principal eigenvalue of a periodic
parabolic problem in the form of is smaller than that of the corresponding elliptic prob-
lem obtained by taking the mean value of the growth rate. In other words, populations are
more likely to persist in a fluctuating environment than in one with a constant averaged
growth rate. Specifically, in our context [28] Theorem 2.1| establishes that A < A, where X is
the principal eigenvalue of the elliptic problem derived by rate averaging:

—dWyy — (r— W (- BH)L) W = AP,  O<z<L,
w(0) =¥(L) =0, (2.8)

Straightforward computations yield the more convenient equivalent problem

2
w(0) = ¥(L) =0, (29)

v >0, O0<z <L,

where

. 2/ (aB)2
p=X+r+ % <<<§>> - (a62>>. (2.10)

Since this new eigenvalue problem is associated with a self-adjoint operator, we are equipped
with the variational formulation

= inf Qa(uw), Qau) ::d/OLui dx+?/0L (9:— <<Of>>L>2u2 dr. (2.11)

UGHOI(OvL)vHuIILQZ:L
From this characterization, we can draw out some properties of fi.

Lemma 2.5. Let L > 0. Let t — «(t) > 0, t — [(t), be both Hélder continuous and
T-periodic. Then the principal eigenvalue [i enjoys the following properties.



(i) The function d — i = fi(d) is increasing and concave on (0,+00), and

lim i = L? {a) min (x — (af) 2 and lim fi = +o0
o’ 2 0<z<1 (a) d—oo ‘
(it) In addition, for any d > 0, we have
dr? dn? () (272 =3  {(aB) [{(aB)
— <A< —5 +L** -1]). 2.12
mn< e (G (W) 212

Proof. In (i), the fact that the function d — fi(d) is increasing follows from the Rayleigh
formula and is classical, see e.g. [27]. Also, the map d — Qg(u) being linear (hence
concave) in (0, +00) for each u € H}(0,L), the map d ~ ji(d) is concave in (0, +00) and
therefore continuous. Also, from we get:

L 2

d
> inf d/ ulde = %
ueH(0,1), [|ull 2=1 Jo L

Next, for the behavior as d — 0, we may use similar arguments as those in [5]. We consider
® a smooth and nonnegative function on R, compactly supported in (—1, 1), and normalized
by [|®[|L2r) = 1. Let o € (0,1) be given. Choose d > 0 small enough so that

<o<1-—

] B
] B

Consequently, the function ®4(x) := d%(I) (xf"L ) belongs to H}(0,L) and remains L? nor-
8
malized. From ([2.11)), we thus get

L2<Z> Oglg}lgll (x - <?;ﬂ>>>2 <in< d/OL((Dfi(x))2 dx + @ /OL <a: - <<O;§>L>2 3 (z) da.

Then, by expressing ®; and by using the change of variable y = x;gL

a
PN

)

o< VA sy + 5 [ (vad o (o= 8) L)2 ®2(y) dy.

a)

We let d — 0 and deduce from the dominated convergence theorem that

249 <x_<0‘5>>2 < lim i < L2<O‘2> <0— <°‘6>)2.

2 0<z<1 (a) T d=0n T (a)

2
This being true for any 0 < o < 1 we get lim ji = 12l ming<,<1 <a; — @> .
d—0 2 == (o)

Last the upper estimate in (2.12]) comes from testing Q4 with the normalized eigenfunction

of the Laplacian Dirichlet, namely u(x) = \/% sin (%m), and very straightforward computa-

tions. ]



As a result, (2.12)) and (2.10) imply the improved upper estimate

dmn? 5 (@) 22 — 3 (a52> (af3)
Aotk < 67 T ) <a>>’

75 5 (2.13)

which, combined with Proposition completes the proof of (2.4)) and of Theorem O

Remark 2.6. We claimed that the upper bound in (2.13) is better than the one in (2.6).
To see this, observe that the mazimum defining RY(t) in (2.7) is reached at x = 0 when

B(t) > % and is equal to #BQ(t)LZ, and is reached at x = L when [(t) < % and is equal to
@(1 — B(t))2L2%. In other words

a1 1 2,
R (t) = 5 <2 +5 - ﬁ(t)|> L7, (2.14)
and what we have to check is
2 2
27r67T2 3<a> + (af?) — (af) < <a <; + |% - B|> > : (2.15)

Then, defining A := {t € (0,T): B(t) > 3}, B:={t € (0,T) : B(t) < 1}, and decomposing all
integrals over A and B, it is straightforward to check that (2.15)) is recast

[ a0 (2”;;3&0) i< [ ot (1- 500 2”;;3) i,

which is obviously true since the left hand side is negative while the right hand side is positive.

2.2 Sign of the eigenvalue

First, in absence of selection (o = 0), it is well known that too small domains lead to extinction

and, by comparison, the same holds for (2.1)). Precisely, if 0 < L < 4/ dri it follows from (2.4))
that A > 0.

Furthermore, due to the effects of selection, infinitely expanding the domain size may also
result in extinction, contrasting with the behavior observed in the homogeneous case.

Corollary 2.7 (Extinction criterion). Assume that, for allt >0, 5(t) ¢ (0,1). Assume either

that )
1 1
2 < 2dr? — — == =10
r — ™ « 2 ‘2 /8‘ )
or that
/S R V2 — -
r2>6", and | L < 2d7r2% or LZ\/Qdﬂzr—F;_
Then X > 0.



Proof. The minimum defining R~ (¢) in (2.5) is reached at = 0 when 5(t) < 0 and is equal
to #BQ(QLZ, and is reached at x = L when (¢) > 1 and is equal to @(1 — B(t)?L?. In
other words, when 5(t) & (0,1),

2
R =" (515 - s0) 22 (2,10

and it follows from ([2.4)) that

s dm? n L? 6~
2 "2 2dn?
from which the result is a straightforward consequence. O

Actually, the reason for the above counter-intuitive phenomenon is that, as L increases,
the optimum located at x = B(t)L is getting further away from the domain when 8(¢) ¢ (0, 1).

Next, regardless of the location of the optimum, provided that the growth rate is sufficiently
large, there exists an interval of domain sizes, which is enlarging with respect to r, that grants
survival. Precisely, the following holds.

Corollary 2.8 (Survival criterion). Assume that the growth rate is such that

w2 —
e+ (o)~ (08)) = o,

™

r? > 2dn? <

and that the interval length is such that

SN/ R Jr2 _ 5+
\/Mzr VIR =0T o [agrel BV 0T
ot ot
Then A < 0.
Proof. It follows from ([2.4)) that
)< dm? n L? 6*
2 T2 2dn?
from which the result is a straightforward consequence. O

Example 2.9 (Optimum outside the domain). When §(t) ¢ (0, 1), meaning that the optimum
always lies outside the domain (0, L), we can combine C’orollam'es and to earn insight
on parameters regions of extinction and survival, see Figure where we have selected a(t) = 4
and B(t) = 1.5. Note that in this case, for a fized set of parameters d, o, B, and r > VT, the
principal eigenvalue X is not monotone with respect to L. Indeed, as already emphasized above,
enlarging the domain may decrease the chances of survival. Also, considering for instance the
case B(t) > 1, one has

22— 3
672

5+ — 6= = 2dn” < (@) — (a1 — 6)>) 7

meaning that, the smaller the diffusion coefficient d, the smaller the region of parameters (L, 1)
for which we cannot conclude on the sign of the eigenvalue, see the white regions in Figure [1]



d=0.01
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Figure 1: Sign of the eigenvalue as a function of (L, 7). The parameters are as described
in Example In green, the survival zone (A < 0). In red, the extinction zone (A > 0). In
white, the zone where our estimates are not enough to conclude.

However, to gain insight on these uncertain (white) regions of parameters, we may run
simulations of . For instance, we consider the same case as in Figure |I| with d = 1,
a(t) =4, B(t) = 1.5. Then, for a given r, we consider the L?> norm of the solution u(T = 2, ")
starting from the initial datum uo(z) = sin(Tx) as a function of the length L of the domain.
Forr =15 > /0%, we observe (left panel of Figure@ three successive L-ranges of extinction-
survival-eztinction. On the other hand when V6~ < r =5 < /6%, we observe (right panel of
Figure @ systematic extinction. We conjecture that, at least in the case where o and B are
constant, there is a threshold value r* > 0 that separates “systematic extinction” (0 <r < r*)
from “extinction-survival-extinction depending on L” (r > r*). However, non-constant o and
B may lead to more complex scenarios.

(T,
11T 22

Figure 2: Evolution of the L? norm of the solution at final time 7' = 2 as a function
of the length L of the domain. The parameters and the initial datum are as described in

Example 2.9

Numerical simulations illustrating the dynamical evolution of problem (2.1)) will be pre-
sented in Section [4]

2.3 To fluctuate, or not to fluctuate

Here we aim at comparing the chances of survival between a constant fitness and a fluctuating
fitness, see [18, [19] and the references therein for related issues.

First, we look for a situation where fluctuations increase the chances of survival. Let us
thus consider the constant fitness case, namely

ar(t)=a>0, pi(t)=p5>1,



and denote A1 the associated eigenvalue. From Theorem we have

o dr?
“I2(1 =82 <\ — —
5 (1-8)7" <X\ Iz

Qg 212 — 3 2
-+r<2l,< 62 +p°-p]. (2.17)

Next, we consider a fluctuating situation described by some ay(t) with mean «, and some [ (t)
with mean (. If the position of the optimum, given by f2(t), is constant, we already know
from 28], see (2.8), that the fluctuation of the strength of the selection as(t) increases the
chances of survival. However, if $2(¢) is non constant, the quadratic term makes the outcome
more tricky. We thus consider

az(t) = a+asin(wt), Pa2(t) = B — bsin(wt), (2.18)

for w = 2% >0,0<a<a béeR, and denote Ay the associated eigenvalue. It follows from
(aaf2) = aff — %b, (a2f3) = af? + 0‘71)2 — afb and Theorem that

dm? a 2m2 -3 a 1, v
Ao — — —L? 2_B3-Zp(B-= — .
2T E TS5 ( orz T8N 2)+2)
Hence, for Ao < A1 to hold it is enough to have

22— 3
672

b?—Z@ﬁ—nb+2< —1+5)<0

Some elementary computations reveal that this inequality is true as soon as

-1 a? a? (272 -3
=—+ =11 —|— -1 1 2.1
p>h 2+a2<+\/a2( 32 )+>’ (2.19)

and
b1 < b < by, (2.20)
with
a 1 a? 1\2 2m2 — 3
by .—a<5—2>— oﬂ(ﬂ_Z) —2<5+ o2 —1> >0, (2.21)
and
a 1 a? 1\? 272 — 3
_ (g 1L Clp-2) —2 —1 . 2.22
b2 cy<5 2)’* a2<6 2) <B+— 672 ) >0 (2:22)

Observe that b has to be positive, meaning that a key element to improve the chances of
survival is the phase opposition between ao and B2, which can be interpreted as a balancing
effect between the strength of the selection and the position of the optimum growth. In other
words, when the selection becomes stronger the optimum needs to get closer to the domain,
while when the optimum goes far from the domain the selection needs to becomes weaker to
compensate. We retain the following.

Example 2.10 (Fluctuations may help). Let 0 < a < a. Let § > B> 1, where 3 is defined
in (2.19). Let b € (b1,ba), where by, by are defined in (2.21) and (2.22]). Then Ay < Aj.

10



Next we look for a situation where fluctuations decrease the chances of survival. The
constant fitness case is as above, in particular we have . According to the preceding
part, we expect that the fluctuations in the position of the optimum and the strength of
selection should be in phase. For the fluctuating case, rather than , we thus use the
convention

as(t) = a+asin(wt), Pao(t) = B+ bsin(wt),

for w = 2% > 0,0 < a < a be R, and denote A9 the associated eigenvalue. Under the

additional assumption
B—b>1, (2.23)

(to be checked a posteriori), it follows from Theorem and a straightforward computation

that 2 )
2 -1
ab” + c;(ﬁ )> <o

L2

() =5 (als =12+

Hence, for Ay < Az to hold it is enough to have

272 — 3
24988 _1p+2(1-8- .
b° + a(ﬁ )b+ B 62 >0

This is obviously true as soon as

b> by = —Z(ﬁ—1)+\/Z;(ﬁ—1)2+2<ﬂ+2”2_3—1> > 0. (2.24)

672

Accordingly with the above remark, b > 0 is mandatory, meaning that as(t) and S2(t) are in
phase. Last, we also need b < 8 — 1, which provides a condition on ( for the set of possible
b’s not to be empty. One can check that the following holds.

Example 2.11 (Fluctuations may hurt). Let 0 < a < «. Let > 1 be large enough so that

1+ \/1 +22055 (14 22)

>1
p>1+ 1120

Let b € (bs, B — 1), where bz is defined in (2.24). Then A\ < Ag.

3 Survival vs. extinction

In this section, we consider the moving habitat case as stated in — and aim at un-
derstanding the long time behavior of its solutions u = wu(t,x). We should emphasize that
the construction of sub- and supersolutions in subsections and is inspired by that per-
formed in [7, 8]. However, in the problems considered there, & = 0 was assumed, i.e. the
effect of selection was ignored.

3.1 Switching to a fixed domain

We first change the spatial /phenotypic variable to switch to an equation on a fixed domain.
For Lo > 0, we write
x — A(t)

o o (3.1)

u(t,z) =v(t,y), y:=

11



and reach

v = gy vy + AR (= 2B (g - B)Le)) v, > 0,0 <y < Lo,
v(t,0) = v(t, Lo) =0, t>0,

(3.2)
which is, obviously, a linear reaction-advection-diffusion equation with time and space depen-
dent coefficients. In view of our assumptions on L, A, o and 3, the existence and uniqueness
of a global classical solution to the associated Cauchy problem follows from classical literature
such as [31], [34], [42] Section 48|.

Next, to suppress the advection term, we change the unknown function through

. L)\ tA(s)? y2L)L(t)  yA(t)L(t)
w(t,y) :=v(t,y) <LO> exp (’r‘t+/0 1d ds) exp ( 4dL2 + 2L ) ;

(3.3)
and reach
2 a 2
Wy = [C/l(L) Wyy + ( igé(t) y2 + ( )L(t) Yy—= (tgfg(t) (y - B(t)LO)Q) w, t> 07 0< y < LOa
U)(t, 0) = U)(t, LO) = 0) t > 0.
(3.4)
3.2 Construction of sub- and supersolutions
Now, to get closer from an equation having the form of , we define
A L)L(t) 5  A(t)L(t)
Q) = 0£e21 ( wd C g 2 (3:5)
_ (L)L) 5, A(t)L(t)
Q1) = min, ( ad C T g 7)o (3:6)
so that w = w(¢,y) solving (3.4]) is a subsolution for the problem
2 —_— o J—
Et:%@yy_'_(Q(t)_ (2)L2 (y /8() ) )w7 t>070<y<L07 (37)
w(t,0) =w(t, Ly) =0, t>0,
and a supersolution for the problem
2 2
Wy Ld(Itl)zwyy + (Q( ) — 70[(25(2)@ (y — 5(t)Lo)2) w, t>0,0<y< Ly, 38)

w(t,0) = w(t, Lo) = 0, t> 0.

We look for a supersolution to (3.7]) in the form
t L2 t
e = ([ plsds)ew (£0)+ [ Qods). (3.9)
o L*(s) 0

12




with f = f(t) to be selected. Here, ¢ = ¢(7,y) denotes the L>-normalized principal eigen-
function solving (2.2) on the interval (0,Ly) and associated with the principal eigenvalue
denoted X\ (estimated in Section , namely

@T_dSOyy_( — 2D (y-B(r)L )2>s0=>\s0, TER, 0 <y < Lo,
L0) = (1, Ly) = 0, c R,

#(r,0) = o(r; Lo) - 10

p >0, TeR,0<y < Ly,

e(1,y) = o1+ T,y), reR,0<y< Lo
Plugging the ansatz (3.9) into (3.7)), it follows from straightforward computations that the
choice . (4 r)L2

+r)l; =
t) = ————— 4P d 3.11
s = [ (- e P ds (3.11)

where

P g |t (05 i) (v (6 i) )

—L8a(s) (y - ﬂ<s>L0>2] (3.12)
does make w™ a supersolution to .
Similarly, the choice . L2
g(t) = /0 <_L2(s)0 —i—P(s)) ds (3.13)
where
1 . 2 2
Ee)=5.50, [ st (5 i) (v =3 (I iyt o)
~Ea(s) (y - ﬂ(S)Lo)Ql (3.14)
makes . 12 .
w(ty) = </0 2T )dT y) exp (g(t) —}—/0 Q(s)ds> (3.15)
a subsolution to .

Putting all together, we have the following.
Theorem 3.1 (Bounds for the solution). Let u = u(t,x) be the solution to (1.1) starting from

a nonnegative and nontrivial uy € L>*(A(0), A(0 ) L(0)), or equzvalently, for any Lo > 0,
v =wv(t,y) the solution to (3.2)) starting from vo(y) = ug (L(O ), or equivalently w =
1/2 . .
w(t,y) the solution to (3.4)) starting from wo(y) = vo(y ( ) exp (Lgfz(o) y? + A(gocgfé()) y) .
0

Assume there are 0 < a < b < +00 such that

@ (0,y) <wo(y) <bp(0,y), 0<y< L. (3.16)
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Then, for anyt >0, any 0 < y < Lo,

v(t, ) §b¢</0t L2L(i)dsay> <LL(2)>1/2

< exp (M /0 (_A2<s> ()L +P(s)+Q(s)) e L<t>L<t>y2_A<t>L<t>y>7

Ad L2(s) 4dL2 2dL
(3.17)

and

v(t,y) 2@@(/(; L2L((2)S)d8ay> (LL((;)>1/2

t i2(s 2 . |
X exp (rt+/() (_A4£l) B ()\I:Z(S))Lo + P(s) —i—Q(s)) ds — L(Zc)léét)yz B A(;;ifﬂy) |

(3.18)

where Q, Q are defined in (3.5)), (3.6]), while P, P are defined in (3.12), (3.14)).

Proof. Since (3.16) is nothing else than aw™(0,y) < wo(y) < bw™*(0,y), we deduce from the
above analysis and the comparison principle that aw™(t,y) < w(t,y) < bw™ (t,y) for any t > 0,

any 0 < y < Lg. Using the expressions (3.9)), (3.15)), and returning to v via (3.3), we reach

the conclusion. O

Remark 3.2. If A and L are, as « and B, T-periodic, some refinements are achievable.
Indeed, if we further assume that A, L are Hélder continuous, and

2da(t)L(t) — L(t) >0, VteR, (3.19)

we can rewrite the equation in (3.4) as

2 & 2 ~
wy = Ld(Lt)Oway + <Q(t) - S)LL? (y - ﬁ(t)Lo)2> w, t>0,0<y<Lo,  (320)
where )
L (At) +2d0BOLWO)  ayg20 12
Q) =4 2da(t)L(t) — L(t) 2 ’
and

o . . A + 2da(t)B() L(t)
&) = 505w <2d (O L(1) L(t)), B(t) == P OL)  L1)

Then, one can check that (3.17) and (3.18) are still valid after replacing both Q and Q by Q,
while in the definitions (3.12) and (3.14) of P and P, o and 3 are replaced by & and B.
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3.3 The shift effect

In this short subsection, we take advantage of Theorem [3.1] to analyze the effect of a power-
like shift, say A(t) = ¢(1 + t)* with ¢ > 0, a € R, when the size of the domain is constant

L(t) = Lg. In particular, it follows from (3.5)), (3.6)), (3.12)), (3.14)), that

Q) = 20 max A(t)z = 20 max(A(8),0), Q(r) =

.. LO
2d 0<2<1 2d A(t)z Byl mln(A(t)a 0)7

2d oglzl% 2d
and P(t) = P(t) = 0.

First, we show that, in presence of a superlinear shift of the domain, the population is
doomed to extinction, regardless of how good the conditions are.

Corollary 3.3 (Superlinear shift). Let the assumptions of Theorem hold. Assume further
that L(t) = Ly for some Lo > 0 and A(t) = c¢(1 4+ t)® for some ¢ >0 and a > 1.
Then there are C1 > 0, Cy > 0 such that

— 2a—1
[v(t: ) zee(o,z0) < Cre G270t >0,

so that the solution uniformly goes to extinction at large times.

Proof. Since Q(t) = A(t)58 = %(1 +1)¢72, we deduce from (3.17) and some direct
computations that there is C' > 0 such that, for any ¢ > 0, any 0 < y < Ly,

c2a? Loca
ty) <C M= — (1 +¢)%! 1+¢)* ! 3.21
olt.9) < Comp (ht = oot ) (3.21)
from which the result follows since 2a — 1 > max(1,a — 1). O

Next, we show that a population that survives in a fixed domain (thanks to favorable
enough conditions) would not be affected much by a sublinear shift of the domain (the other
conditions being unchanged).

Corollary 3.4 (Sublinear shift). Let the assumptions of Theorem hold. Assume further
that L(t) = Lo for some Lo > 0 and A(t) = c¢(1 +t)* for some ¢ >0 and a < 1, and that

A <0. (3.22)
Then, for any e > 0, there is C > 0 such that

i t,y) > Ce M, Vit >0,
egfglﬁ_s”(’y)— e,

so that the solution locally uniformly tends to infinity at large times.

Proof. Observe that Q(t) = A(t)Ls = M(l +1)272if 0 < a < 1 while Q( )=0ifa<0
so that, in any case, Q(t) > %(H—t)a 2. Hence, we deduce from and some direct

computations that, for any € > 0, there is C' > 0 such that, for any t > 0, any e <y < Lg—e¢,

c2a? 2a—1 . Loca 1 Y
> M- (1 a 1+ 1 -+ 2
v(t,y)_cexp< At 4d(2a—1)( +1) + g (T4+t)* Lo)>’ (3.23)

from which the result follows since 1 > max(2a — 1,a — 1) (note that when a = 1 the term
2,2

—%(1 + t)2¢=1 is obviously replaced by —% In(1 +t)). O
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Hence, the condition ([3.22]) insures survival not only in a fixed domain (a = 0) but still if
the shift is sublinear (a < 1). Note that (2.4) shows that (3.22)) holds as soon as

o gled (30 o) o)

Grr? (@ (e

Also, from the above proof, the critical case A = 0 insures survival (but not necessarily
explosion) whenever a < % As for the case % < a < 1, reproducing the arguments of Corollary
[3:3] one reaches a similar extinction result. In other words, the following holds.

Corollary 3.5 (Sublinear shift, critical case). Let the assumptions of Theorem hold.
Assume further that L(t) = Lo for some Ly > 0 and A(t) = ¢(1 +t)* for some ¢ > 0 and

a <1, and that
A=0. (3.24)

(i) Assume a < 5. Then, for any e > 0, there is C > 0 such that

1 t >C, Vt>O0.
5g§2ﬁ_e“(’y)— ,

(i1) Assume % < a < 1. Then there are C1 > 0, Cy > 0 such that, for all t > 0,

o, | o Ty <acy,
v * [e's}

» Lo (0,Lo) = Cle=C> ln(1+t)7 if a = %’
so that the solution uniformly goes to extinction at large times.

The above asserts that a population hardly surviving (A = 0) is very sensitive to shifts of
the magnitude (1 + ¢)'/2.

Last, we consider the case of a linear shift A(t) = ¢(1 +t) (¢ > 0). We show that a
population that survives in a fixed domain (thanks to favorable enough conditions) would still
survive when c is small enough, but would go to extinction when c is large enough.

Corollary 3.6 (Linear shift). Let the assumptions of Theorem hold. Assume further that
L(t) = Ly for some Ly > 0 and A(t) = c¢(1 +t) for some ¢ > 0, and that (3.22)) holds. Define

¢ =2v/=-\d > 0.

Then, if 0 < ¢ < ¢, the solution locally tends to infinity at large times. Survival (but
not necessarily explosion) still occurs if ¢ = ¢*. On the other hand, if ¢ > ¢*, the solution
uniformly goes to extinction at large times.

Proof. 1t suffices to use (3.21)) and (3.23)) in the case a = 1. O

4 Numerical approach

In this section, we implement a numerical scheme to approximate the solution of the evolution
problem in moving domains, with the goal of exploring various domain evolution types
and their effects on population survival or extinction. Although transforming the problem onto
a fixed reference domain is a possible approach, it leads to highly time and space dependent
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coefficients, which complicate both analysis and numerical implementation (particularly in
higher dimensions). To avoid these difficulties, we work directly on the moving domain and
employ the stabilized space-time finite element method introduced in [39]. This approach
simultaneously discretizes space and time, reformulates the problem as a diffusion-convection-
reaction system in a non-cylindrical space-time domain, with the time derivative interpreted
as a convection term in the extended space-time framework.

4.1 Weak formulation

For some T' > 0, we consider the bounded and Lipschitz space-time domain
Q:=(0,T) x Q(t) cR?,  Q(t) := (A(t), A(t) + L(t)).

The boundary of @ is divided into three parts: the lateral boundary ¥ = ((0,7) x {A(¢)}) U
((0,T) x {A(t) + L(t)}), the bottom boundary 3¢ = {0} x (A(0), A(0) + L(0)) and the upper
boundary Y7 = {T} x (A(T), A(T) + L(T)).

Let us define the Sobolev spaces

HY(Q) = {ue L*(Q) : uz € L*(Q)},

and
HY(Q) :={ve L*Q): v, € L*(Q),v; € L*(Q)}.

For later purpose, let us consider, on the domain @), the problem

Up — gy — R(ta x)u = f? in Qa

(4.1)
u(t,z) =0, on X U X,
where f is a given source function in L?(Q) and
R(tx) = 0 (@ a@) - BO)LEO) (4.2)

The space-time variational formulation of (4.1)) requires to find u € Hé}’(? (Q) such that

—/ uvtdwdt—l—d/ uxvxdxdt—/ R(t,x)uvdxdt:/ fodzdt, V’UEHOI%(Q), (4.3)
Q Q Q Q ’

where the trial and test spaces are defined by
H&’B(Q) = {u c HLO(Q) cu =0 on E, and v = 0 on EO},

and

11 e , C — _
HO,E(Q) ={ve H"Y(Q):v=0o0n %, and v =0o0n U7}

Proposition 4.1 (Well-posedness). Problem (4.3) has a unique solution.
Proof. We apply the same change of variables as in the previous section, see (3.2)), transforming
our problem into an equivalent one posed on the fixed spatial domain Qo = (0,7") x (0, L(0))

whose boundary consists of the initial time boundary S0 = {0} x (0, L(0)), the lateral spatial
boundary ¥ = ((0,7) x {0}) U (0,T") x {L(0)})) and the final time boundary ¥ = {T'} x
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(0,L(0)). This is achieved by the change of variable y = zzggt)L(O), where A and L are

in C?([0,+00)) with L(t) > 0 for all ¢ € [0,T]. Denoting the unknown function in the new
coordinates by u = u(t,y), the problem becomes that of finding u satisfying:

u € H&ﬁ(@o) = {u € L*(Qo) : uy € L*(Qo), u=0 on S, andu=0 on g}

such that
a(u,v) =1(v), Wve H&%(QO), (4.4)

where Hé’%(@o) = {v € L*(Qo) : vy, vt € L*(Qo), v=0 on S, andv=0 on Sp},

L2
a(u,v) ::/ —uvy dydt—i—/Q dL?((t(;)uyvy dydt
0 0

A(t)L L -
— / (HLO) +yL () uyv dydt — / R(t,y)uv dydt,
Qo L(t) Qo
with (OL2(0)
. L=(t 9
R(t,y) =1 — — B(t)L(0
and
l(v) = fvdydt.
Qo
The existence and uniqueness for this problem is well established, see [37, Chapter III, Theo-
rems 3.1 and 3.2]. O

4.2 Space-time finite element discretization

In this subsection, we aim to construct a continuous Galerkin finite element scheme to nu-
merically approximate the solution of the problem

up — dugy — R(t,x)u =0, in Q,
u =0, on 3, (4.5)

U = U, on X,

where the non-homogeneous Dirichlet condition ug is assumed to satisfy ug € H'(X), and
its tangential derivative (namely d,uo) belongs to H'/2(Xp). In the sequel we denote u the
function defined on 9Q by u := 1x,uo, so that uj; € H*(9Q).

We would like to perform a lifting g = ¢(t, «) of the boundary condition wg. It is known that
the regularity of g depends on the regularity of the domain. In [21], Grisvard showed that if the
boundary 9Q is of class C™ !, then the lifting belongs to H*(Q) for all k£ < m. In particular,
for m = 2, we have g € H?(Q). However, in our setting, the moving spatial domain is only
Lipschitz and, in this case, the existence of a H? lifting requires a compatibility condition, see
[20, Theorem 3| by Geymonat and Krasucki, that, in our setting, reads as d,ug € HY?(Z),
which we have precisely assumed.
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Hence, from [20, Theorem 3|, we are equipped with a lifting function g € H?(Q) such
that vo(g) = uj. Setting v = w + g, we transform problem into the following equivalent
problem for w:

wy — dwgy — R(t,z)w = f, in Q,

w = 0, on X, (4.6)

w = 0, on X,

where the right-hand side is given by
f=-09+d0ug+ Rg € L*(Q).

Remark 4.2. Problems of this nature are often approached by decoupling time and space in
the discretization process. A typical example is the use of an Fuler scheme in time com-
bined with finite elements in space. However, when dealing with time-dependent domains,
this approach becomes unsuitable. To overcome this limitation, we discretize both time and
space simultaneously by considering the problem within the space-time domain Q. In this set-
ting, the time derivative is treated as a convection term in the time direction, resulting in a
diffusion-convection-reaction equation. Such problems are well-known for their numerical in-
stability when using conventional schemes. Following the stabilization approach introduced by
Hughes et al. in [12] for convection-diffusion-reaction problems, where upwind test functions
are used in the context of the Stream Upwind Petrov-Galekin (SUPG) method, Moore adapted
these ideas in [39] to the context of parabolic homogeneous initial-boundary value problem on
moving domains. Specifically, Moore proposes using test functions of the form v, + 6ho,vp,
where 0 > 0 is a stabilization parameter to be specified.

In the following, we parallel the method described in [39] to our specific problem ([1.1)).
The first step consists in defining a triangulation KCj, of the space-time domain (), into non-
degenerate triangles. For each K € ICj, let hi denote the diameter of the element, and define
the global mesh size h as

h:=max{hg : K € Ky}.

We further assume that the triangulation is quasi-uniform, i.e. there is C' > 0 such that
hx <h<Chg, VK €K (4.7)
Let K;, K; € Kj, be two neighboring triangles, and consider the interior facet
Fj = KN E
We define F7 as the set of all interior facets of Ky, namely
Fr= <U 8Ki> \0Q.
el

At this point, we introduce the discrete space-time space Vyp,. To do this, let Py denote the
set of polynomials of degree less than or equal to 2, and define the space V}, as

Vi == {Uh S CO(Q) cup|lk € Po(K), VK € ]Ch}.
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We then define the discrete space-time space Vpy, as
1,1
Vo : =V N H():Q(Q)

Before deriving the finite element scheme, we recall below some notation and jump properties
introduced in [39], which will be used throughout the formulation.

Notations. Denote n; = (n;,,n;+)7 the outer unit normal vector with respect to K;. For a
sufficiently smooth scalar function v, we will denote by v;, v; the traces of the function v on
F;; € Fr an interior edge, and the jump across the interior edge of F7 is defined by

[v] := vin; +vjn;.
The jump in space direction is given by
II'U]]x = UM + VNG,
whereas the jump in time direction is defined by
[[’U]]t = Uini e + VNGt

The average of a function on the interior edge Fj; is

1
{v} = 5 (vi +vj),
and the upwind value in time direction is given by:

v; forn;; >0,
v; forn;; <O.

= {
Finally, the downwind value in the time direction is given by

v; form;y >0,
v;  form;; <O.

oy = {

Jump properties. The following properties of the jump of a product of functions will play
a crucial role in the subsequent analysis of the scheme: if Fj; € F is an interior edge, and if
u and v are sufficiently smooth functions on the interface, there hold

[uv]e = {u}v]e + {v}ule, (4.8)
[uvle = {u}*P[ole + {v}*" [ue, (4.9)

and

WY lole — 51 = gl o] (4.10)

Let us emphasize again that the following is deeply inspired by [39] to which some compu-
tations are borrowed for completeness. To approximate the solution of (4.6)), let us consider
the problem of finding w € H&’é (Q) such that

/atwvda:dt—i—/ d@mwamvdxdt—/ R(t,x)wvdzdt = 1(v), Yoe Hyy(Q),  (4.11)
Q Q Q -

20



with
[(v) :——/ 8tgvdxdt—/ d@xgaxvd:rdt—i—/ R(t,z)gvdxdt.
Q Q Q

Next, we use test functions of the form vy, + 0h Oyvy,, where vy, € Vyy, is arbitrary and 6 > 0 is
a positive constant. Then the space-time variational formulation (4.11)) reads as

/ Oyw (v, + Ohdyvy,) dxdt + / (d@zwﬁxvh — dOh Oz wovy,
Q Q
— R(t,x)w (vp + 9h8tvh)) dxdt =1 (v, + 0hOsvy,) .

Next, summing on each element of K, and integrating by parts with respect to spatial direction
we get

—/ Opaw Opvp, dxzdt
Q

= Z /@;w Oyvp dxdt — Z
K

KeKy, Fije]-}

/ [0z w Opvp]. ds — / ng (Oyw Oyvy) ds.
Fy; b

By performing another integration by parts with respect to time and since d,v, = 0 on X,
we obtain

—/ Oggw Opvp, dxdt = — Z / Oppw Opvy, drdt + Z
Q K

KeK,, FieFr

/ [Ozw Oyvp]: ds

+/ ny (Ozw Ozvp) ds — Z / [Ozw Oyvp]. ds — / ng (Ozw Opvp) ds.
SUSy Fij Y

Fij eFr

Considering the terms on the interior facets Fj; € F, we use properties on the jump of a
product of functions, namely (4.8) and (4.9), to obtain

> /F [0ew Opvn] — [0 Opon]r ds = > /F __ ({Oxw}up[[axvh]]t + {Byon) P [9,u]s

Fije]:l FijE]:]

— {8,w)[On]e — {8tvh}[[8xw]]x> ds.

Assuming that the solution w belongs to H?(Q) allows us to further simplify those boundary
terms since the jumps [0, w], and [0yw]; are null. Thus we have

3 /F (0w ey — [0ww Bun) ds = Y /F (00} [Dens — (O} e ds.

FijeFr FijeFr

Next, we show that n; O,vp, — ng Oy, = 0. First, notice that we can rewrite the left side as

Vup, - (=ng,n¢)". Now, consider that (—ng,n¢)" is the rotation by an angle 7 of the outer
unit normal vector, so (—n,,n:)T is a tangential vector on . Since v, = 0 on X, we have

ng Ozvp — ng Opvp, = 0, resulting in the suppression of the boundary term
/ 0w (N Opvp, — Ny Ogup,) ds = 0.
%
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Finally, assuming that w € H?(Q) allows us to write [0;w] = 0. Consequently, it is harmless
to add, for 6 > 0, the consistent term

oh > / d{Opvn}[Orw]ads +6 > / [8:w] 2 [Orvn]. ds.
Fi]'G.F[ Fij FijE}—I Fij

Remark 4.3. The stabilization term Oh Oyw Opv corrects instabilities caused by advection-
dominance in the time direction, with 0 controlling artificial diffusion and h scaling it with
the mesh size. A penalty term o[Ow][0w] enforces continuity of the time derivative across
element interfaces, enhancing accuracy and convergence. These techniques follow the SUPG
framework, as developed in [25] and [29)].

Putting everything together, we are now in the position to write the variational space-time
finite element scheme: it consists in finding wj, € Vy, such that

ap(wp,vp) = (o), Yo, € Von, (4.12)

where

ap(wp,vp) = / Oywy, (v + 0h Opvy) dxdt +/ d Oz wy, Opvy, dxdt
Q Q

- / R(t, ) wp (vn + Oh Oyvp) dadt — dOh > / Aypwy, By, dadt
Q@ KeKky K

cdon S / (010} [0y 0n]s — {Dwtwn}[Oronle ds

FieFr Fij

+dbh / Ozwy, Dvpds +0h Yy / d{8,vp }[Owh ] ds
Er FijeFr Fij

+0Y / [0vwn] 2 [0¢vn]= ds,
FijEJ:I Fij

and

In(vp) = —/Q@tg (v, + 0h Opvy,) dxdt

- / d0yg Oz (vp, + Oh Oyvp,) dxdt + / R(t,z)g (vy, + 0h Opvyp,) dxdt.
Q Q

Now that our strategy is outlined, our next objective is to establish the well-posedness of the
discrete problem.

Theorem 4.4 (Well-posedness). Assume that 0 is small enough. Then the discrete problem
(4.12) has a unique solution in Vyp,.
We first need the following result.

Lemma 4.5. The space Vo, equipped with

lonlln = (||8xvh”%2(Q) + 0h)10cnll72(g) + lonll 2y + 0R118z0n][ 7205,

1/2
+0h > 1[0vnlelF2(r, ) + 0 > H[[atvh]]xl\iz(Fi,j)) ;
Fi7j€]‘—] Fivje}—f

(4.13)

is a Hilbert space.

22



Proof. The application ||-||; is a norm on Vy, (arising from an obvious scalar product). Indeed,
||vn]|n, = O implies that Oyv, = 0, v, = 0, vy, = 0 on Xp. If all these terms are zero, and
since vy, = 0 on ¥ U Xy, then v, = 0 throughout the domain Q). Therefore (Vop, | - ||5) is a
Hilbert space, as it is finite-dimensional. O

Remark 4.6. The mesh-dependent norm (4.13) explicitly includes the stabilization to coun-
teract numerical oscillations in the advection direction. Standard norms (such as those of L?
or H') may not handle optimal convergence rates due to these oscillations (see, for example,
[16] and [26]). Using this h-dependent norm is crucial for accurately approzimating solutions
i advection-dominated problems, as it captures the stabilizing effects of the discretization,
provides more consistent error estimates and ensures the numerical solution remains stable
under mesh refinement (see [1]).

Let us now observe that if u solves (4.5)), then U(t, x) := u(t, z)e™ obviously solves
Ui —dUgzz + (¢ — R(t,x))U =0, in Q,
U =0, on X,
U= up, on E[).

Hence, recalling that R < r on @), we deduce that, up to a change of unknown function if
necessary, we can assume the existence of a constant p > 0 such that

0<p<—R(tx), V(tz) €qQ. (4.14)
We are now in position to prove the Vyp-ellipticity of the bilinear form ay,.
Lemma 4.7. If 0 > 0 is small enough, the bilinear form ay, in (4.12) is Vop-elliptic.

Proof. For vy, € Vi, we have

ap(vp,vp) = /Q vp, Opvp, dxdt + 9h\|8tvh||%2(Q) + d||3xvh|]%2(Q)

/ R(t,x) vy (vp + Oh Oyvp) dadt — doh > / Orpvp, Oy, dadt
Q KeKy,

+doh Y / {050, Y P [Ozvn] ds + dO)|Oyvn 2,

Fyj eFr

5y / [0y0n].2 ds.

F” eFr

First, using the estimate and applying the divergence theorem, we get:

1
ap(vp,vp) > 5 /{9@ v} ng dadt + 9h||8tvh|]%2@) + dHaxvhH%Q(Q) + p[|vh||%2(Q)
o6 deh

+ TS ng doedt — —— 8 vznm dtdx
862 KeKy,
+don Y / {0won} "7 [Oron]s ds + dOR|Dg0n s,
FieFr
+6 Y l0wnlelF2(r,)
FieFr
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Rewriting the boundary terms such that 0Q = £ U Xo U X and Fr = (Ugek, 0K)\0Q with
interior facet Fij C Fr and using v, = 0 on X U X yields

p9h
d9h
- nté? vi ds + doh Z / {0z} *P[Oxvn ] — [[8 Uh]]t ds
FUE]:]
dfh
+ O ooy + 0 3 0L B,
FijEJ:I

Next, regrouping every term and applying the equality (4.10) we reach
1+ p9h

llonllZ2(55) + OROcvn T2 ) + dllOevnllTzg) + pllonlZ2 )

d@h dHh
- 7”‘9 Uh||L2 Z / i ¢| [Ozvn]*ds

Fi;eFr

ap(vn, vp) >

doh
+ 5 0avnll oy +6 D7 0wnlal Far )
FijeFr

Since |n;+| > n?,t, we get:

1 doh
an(vn,vp) > mm(iad)thHh - THax”hH%%z)

Finally, the inverse inequality (see, for example, [17, Theorem 4.2|) provides a constant C>0
such that

~ _1
10zvnll 20Ky < Chy?|0zvnll 2Ky, for K € Ky,
and using the quasi-uniform mesh assumption (4.7)), we obtain

1 d9C>*C
an(Vh, vn) = mln(§,d)||vh|\h - THaIUhH%Q(Q)
! doC2C
> <mm<2,d> - = > lonl
which, for # > 0 small enough, proves the Vyp-coercivity of ap with respect to the norm
|- la- O
Proof of Theorem[/.J). Apply the Lax-Milgram lemma. O

4.3 Numerical simulations

In this subsection, we implement the discretization of problem in FreeFem++ (http:

//www.freefem.org), a high level, free software package. To validate our implementation,

we first consider a simplified test case on a fixed domain where A(t) = 0, L(t) = L, and no

selection occurs (a = 0). In this configuration, the solution to with initial condition
T

ug(z) = sin (%) is explicitly given by

2

u(t,x) = sin (%) B2l
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This exact solution serves as a benchmark to verify the accuracy of our numerical scheme,
resumed in Figure [3]

107

llu =l ,

1072

1072 107! 10° 10!

Figure 3: Evolution of the consistency error (||u — uy||p) with respect to the mesh
size h. The parameters are as set as the following, r =6, L = 1.5, § = 1075 and § = 107°.

We now present several numerical tests with parameters # = 1075, § = 107%, and initial
data ug(z) = sin(7*), to highlight some underlying properties of the model.

To begin, we simulate the evolution of the solution to to gain new insights into the
survival dynamics for a fixed domain with a seasonal optimum position.

Example 4.8 (Seasonal optimum’s position). Here we consider the test case d = 10, r = 17.5,
a(t) =5, B(t) = 5 + 3 sin(2t), L = 3, which, as easily checked, meets the sufficient conditions
of survival as stated in Corollary [2.8. The outcomes are presented in Figure[f As expected,

Figure 4: Evolution of the solution with a time-periodic optimum in a seasonal
model. The parameters are as described in Example [4.8] In solid black lines, the evolution
of the position of the optimum zy(t) = () L.

survival takes place. Furthermore, the simulation showcases subtle interaction between the
time periodic position of the optimum and the behavior (local growth/decay) of the population.
Indeed, while the optimum position periodically describes the whole interval (0, L), the position
of the maximum of the solution oscillates on shorter intervals avoiding the boundaries (recall
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the zero Dirichlet boundary conditions) and decreasing as time passes. In other words, we
observe damped oscillations of the position of the mazimum. Interestingly, we also observe
that t — |lu(t,")||Le is non monotonic. We refer to the pattern in Figure [}

Example 4.9 (Sub-linear shift). We consider a domain undergoing a sub-linear shift while
maintaining a constant length, namely A(t) = v/t and L(t) = 2. The remaining parameters are
set as follows: T =10, d =1, r = 4.1, a(t) = 7+0.2sin(t), and either 5(t) = 0.2 —0.1sin(4t)
(left panel) or B,(t) = 0.8 4+ 0.1sin(4t) (right panel). The results are presented in Figure [3]
This simulation illustrates that survival is not affected by a constant-length domain that shifts
sub-linearly, see Corollary. Let us also note that the position of the mazimum of x — u(t, x)
does not coincide with the optimal position T (t). Furthermore, the habitat shifting towards
right, we observe that, even if survival occurs in both cases, the optimum leaning on the left,
via By(t), is more favorable to the population than the optimum leaning on the right, via B, (t).

Figure 5: Effect of a sub-linear domain shift and of the position of the optimum.
The parameters are as described in Example [£.9] In solid black lines, the evolution of the
position of the optimum .y (t) = A(t) + B(t)L.

Example 4.10 (Super-linear shift). We consider a domain that shifts super-linearly while
maintaining a constant length, namely A(t) = t'3% and L(t) = 35. The parameters are as
follows: T'=30, d =7, r =1.25, a(t) = 0.4+ 0.04sin(t), B(t) = 0.5 + 0.1sin(t). The results
are presented in Figure [0 We observe extinction of the population as explained by Corollary
[3-3: the domain translates “too rapidly” for the population. However, the simulation provides
insight into the transient dynamics: the population takes advantage of the periodic return of
the optimum in its neighborhood to perform a small rebound (which is not enough to survive
at large times). This contrasts with the above sub-linear case, where the domain shift merely
relocates the solution maximum without causing extinction.

Example 4.11 (Linear shift). We consider a domain that shifts linearly while maintaining a
constant length, namely A(t) = 2t and L(t) = 3. The parameters are set as follows: d = 1.6,
T =4, r =48, at) = 5+ 0.1sin(4t). The results are presented in Figure[] Let us recall
that, from C’orollary the comparison between ¢ = 2 and ¢* = 2v/—M\d decides between
survival or extinction, where X obviously depends on the optimum position and thus on [(t).
To examine this, we consider three different cases for B(t), namely (;(t) = 0.1 —0.1sin(t) (left
panel) for which (B;) = 0.1, B.(t) = 0.9 + 0.1sin(t) (right panel) for which {B,) = 0.9, and
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Figure 6: Population extinction due to a super-linear domain shift. The parameters
are as described in Example [£.10] In solid black lines, the evolution of the position of the
optimum zqp (t) = A(t) + 5(t)L.

Bm(t) = 0.5+ 0.1sin(t) (middle panel) for which (By,) = 0.5. We observe that survival occurs
only in the “middle” case, meaning that ¢ = c;. < 2 < ¢}, or equvalently that Ay, < N\ = Ap,
with obvious notations. Indeed, because of the Dirichlet boundary conditions, the optimum
“in the middle” enhances the chances of survival. Note also that, because of the shift of the
domain, the left and right cases are not symmetric any longer: in the later case, the population

s kept alive for a slightly longer period of time.
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Figure 7: Effect of a linear domain shift and of the position of the optimum. The
parameters are as described in Example[4.11] In solid black lines, the evolution of the position
of the optimum zop(t) = A(t) + B(¢)L.

Example 4.12 (Linear enlargement). We consider a domain that does not shift but gradually
enlarges over time, namely A(t) = 0 and either L(t) = 1+ 0.3t (left panel of Figure E with
T = 11), or L(t) = 1+ 2t (right panel of Figure [§ wit T = 15). Other parameters are
set as follows: d = 1, r = 3.5, a(t) = 3 + 0.2sin(2t), and S(t) = 0.8 + 0.1sin(2t). The
results are presented in Figure [§ We observe that the population survives if enlargement is
slow (left panel) but goes to extinction if it is too fast (right panel). This may sound slightly
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counter-intuitive since one may expect larger domains to be more fitted for survival. However,
extinction is here likely caused by the optimal position shifting “too fast” to the right.

Population u
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55
45
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25

1.5
I 0.5
0.1

Figure 8: Effect of the speed of enlargement. The parameters are as described in Example
In solid black lines, the evolution of the position of the optimum zy(t) = B(t)L(t).

A Appendix: Periodic parabolic eigenproblems

The following result on periodic parabolic eigenelements is borrowed from [15, Theorem 1|.

Theorem A.1 (Periodic parabolic eigenelements). Let Q C R™ be an open bounded domain
with boundary of class C**V for some v € (0,1). Let L be the differential operator

n
Lu = u; — Z aij(t, ) Uz, z; — Zb (t,x)ug, — c(t, z)u

ij=1

where all the coefficients a;j, b;, ¢ belong to C%’”(R x Q) and are T-periodic in time. Assume
that L is uniformly parabolic, namely there is m > 0 such that

V(t,z) ERxQ V(& &) €R™, D ay(t,2)&68 =m &

ij=1 i=1

Then there is a unique A € R (the principal eigenvalue) such that there is a unique (up to
multiplication by a positive constant) function ¢ € C*T22T(R x Q) (the principal eigenfunc-
tion) solving

(Lo = Mg teR, zeQ,
o(t,x) =0, teR, z €N,
>0 teR, z €,
(p(t,z) =pt+T,z) teR zeq.

Furthermore, if n denotes the unit outer normal to 0X) at x then

g—i(t,x) <0, forallteR, xe . (A1)
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