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Abstract

We consider a nonlocal bistable reaction-diffusion equation, which serves as a model for
a population structured by a phenotypic trait, subject to mutation, trait-dependent fitness,
and nonlocal competition. Within this replicator-mutator framework, we further incorporate
a “pseudo-Allee effect” so that the long time behavior (extinction vs. survival) depends on the
size of the initial data.

After proving the well-posedness of the associated Cauchy problem, we investigate its long-
time behavior. We first show that small initial data lead to extinction. More surprisingly, we
then prove that that extinction may also occur for too large initial data, in particular when
selection is not strong enough. Finally, we exhibit situations where intermediate initial data
lead to persistence, thereby revealing the existence of (at least) two thresholds. These results
stand in sharp contrast with the behavior observed in local bistable equations.

KEYWORDS: nonlocal bistable reaction-diffusion equations, extinction vs. survival, multiple
thresholds, evolutionary biology.
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Introduction

We consider u = u(t, 8) solving the nonlocal reaction-diffusion equation

with

Owu = Ogou + 1(0) u — wpy(t) — f(u), t>0,0€cR,

pult) = /Ru(t,@) o,

(1.1)

(1.2)



and starting from a nonnegative initial condition ug. We assume that r < rp.. for some constant
max > 0. The precise assumptions on f will be detailed in the next section. For now, we simply
note that f > 0 satisfies f(0) = 0 and f(s) > rmax § on the interval (0,¢), for some € > 0, see an
example in Fig. [T}

Figure 1: Schematic representation of a bump function f inducing an Allee effect.

Biological context and motivation. Equation describes the dynamics of a population
density of competing individuals. The variable 6 represents some phenotypic trait of individuals.
The diffusion term OJgg represents the effect of mutations. The fitness of individuals with phenotype
0 is described by the function r(8). Competition among all individuals leads to the nonlocal term
pu(t). The function f induces negative fitness at low population density, modeling a strong Allee
effect due to the assumption f(s) > rmaxs for sufficiently small s. In the example of Fig. [} we
assume that f has no further effect when u(t, ) > 2¢.

We argue that the standard replicator-mutator equation (see, e.g., [1l 15, 24]), which describes
the dynamics of phenotypically structured populations but with f = 0 (see below for a more
detailed description), does not fully capture certain essential aspects of adaptive invasion into
a new environment, i.e., invasion that requires the population to evolve and adapt to the new
environment. Here, the term “environment” is understood broadly: among others, an application
we have in mind concerns the emergence of zoonotic diseases which represent, according to WHO,
around 60% of the human diseases. Specifically, we aim to describe conditions under which an
introduced population ug (e.g. of pathogens), originating from a reservoir host and introduced into
a new host, successfully adapts, causing spillover. As for influenza A, we refer, among others, to
[21], 25], while the works [13] [14] are concerned with 2003 and 2019 coronavirus outbreaks.

In the standard replicator-mutator model dyu = Jppu—+r(0) u—u p,(t), the persistence of the in-
troduced population is independent of ug—in particular, it does not depend on the initial population
size or its phenotypic characteristics. Indeed, survival of the introduced population depends exclu-
sively on the sign of the principal eigenvalue of the operator ¢ — ¢ +r(0)¢ [4]. This phenomenon
of independence from initial conditions arises due to the well-known mathematical property, of-
ten considered biologically unrealistic, of infinite speed of propagation of the solution’s support.
Mathematically, this property follows directly from the strong maximum principle [§], which in-
stantaneously generates mutants possessing the entire spectrum of possible phenotypes—including
those well-adapted to the new host (i.e., phenotypes close to the fitness optimum). Combined with
the “atto-fox problem” [I7], this effect allows infinitesimally small subpopulations (with densities
< 1) possessing advantageous phenotypes to grow whenever the fitness function r on the new host
permits.

In this work, we introduce the bump function f precisely to prevent growth at very low popu-
lation densities. This mechanism acts as a “pseudo-Allee effect”: the function f does not represent



a biologically driven Allee effect (such as cooperation among individuals) but rather serves to
counteract the unrealistic instantaneous appearance of well-adapted phenotypes in extremely small
quantities.

We will demonstrate how this equation, equipped with the additional term f, differs in its
dependence on initial conditions from the classical replicator-mutator model. Moreover, we will
illustrate how its properties also differ significantly from classical bistable equations, which do not
include nonlocal interactions.

The case f = 0: replicator-mutator equation. In the absence of the Allee effect, the
“replicator-mutator” equation, which originates from the works [7, 1T} [12],

Opu = Oggu +r(0)u —upy,(t) t>0,0€R, (1.3)

has been widely studied in recent years, particularly when the fitness term r(6) is quadratic [T}
4, [10, 15], 7(0) = Tmax — @?6? (o > 0 measuring the strength of selection), which corresponds to
the assumptions of Fisher’s geometric model. These works have yielded analytical solutions for
u(t, d), especially simple when the initial datum is Gaussian, see also [5]. The stationary states
p of the equation satisfy dpgp + 7(f)p = Ap, with X\ = p, = [, p(f)df. As noted in [4], these
stationary states are necessarily eigenfunctions of the Schrodinger operator ¢ +—  9ppd + 1(0)d,
with A as the associated eigenvalue. Since the potential 7(6) is confining due to its quadratic decay,
we are assured of the existence and uniqueness of the principal eigenvalue A and the principal
eigenfunction p > 0, with the uniqueness of the latter understood up to a multiplicative constant.
With 7(0) = rmax — o262, the principal eigenfunction is Gaussian, centered at the optimum 0:

p(0)=C 7670[%, (1.4)

with C' > 0 an arbitrary constant, and
A = Tmax — Q. (1.5)

For this pair (A, p) to be a valid stationary solution of (|1.3]), we must ensure that condition A = p,
is satisfied. For this, it is necessary that A > 0, i.e., Tmax > «, and then we must take C = \.
Let us focus on the maximum value taken by the equilibrium solution:

Ql/?

= (Tmax — & .
Ipllse = i = ) T

We note that a very low selection o — 0 leads to ||p|loo — 0, as well as a high selection & — 70y
leads to [|pllec = 0 (if @ > 7max, the stationary solution vanishes). In fact, the expression
shows that ||p||s reaches its maximum when @ = Qnaz := Tmax/3. We thus observe a non-monotonic
dependence of ||p||o with respect to «, and the existence of an optimal positive selection coefficient.
This suggests that in the presence of an Allee effect, i.e., with the additional term f in the equation
, an increase in the selection coefficient could, in certain situations, lead to the solution crossing
the critical threshold ¢ (or 2¢) and to the persistence of a solution that would have converged to 0
with a lower selection coefficient.

(1.6)



The standard bistable problem [6], [26]. Let us now establish a connection between ([1.1]) and
the most classical bistable problems, with a local competition term and a constant coefficient r:

8tu:8ggu+ru—u2—f(u), t>0,60cR. (1.7)

To this end, we make, solely for this digression, the assumption that k(s) := rs— s — f(s) vanishes

at 0, at s; € (e,1), at r, is negative on (0, s1), positive on (s1,7), negative on (r,+o00) and has
positive integral over (0,r). It is easily checked that these assumptions can be achieved with well-
chosen bump functions f as in Fig.[l} Then, the behavior of the Cauchy problem associated with
equation is well-known [6, 22} [I8]. Recall a few results from the literature: for any compactly
supported initial data ug : R — [0,7], the solution of starting from ug can exhibit only three
possible long-term behaviors as t — +o00:

e Extinction: u(t,-) — 0 uniformly in R.
e Invasion: u(t,-) — r locally uniformly in R.

e Convergence to a ground state: u(t,-) — p(- + o) uniformly in R for some z9 € R, where
p: R — (0,7) is the unique positive stationary solution of (1.7) converging to 0 at infinity
and such that maxg p = p(0).

In order to describe threshold phenomena between extinction and invasion, one considers, as in
[0, 22], a family (u§),>0 of initial conditions in L°°(R) which satisfies:

For each o > 0, ug is compactly supported;
dM > 0 such that for all o > 0, |[u||Le < M;

o+ u§ is continuous from R to L' (R);

uh =0, uf >0 and the family is increasing: if o1 < o2, then u§' < uf> and ul' # ul* a.e.;

CUl N

=
lim g = +oo.

(1.8)
Then, the results in [6] (see also [26] for initial conditions which are indicator functions of intervals)
show that there is a unique threshold o* € (0,+o0] such that, for the solution of the Cauchy
problem starting from u§, extinction occurs if 0 < ¢ < ¢*, invasion occurs if ¢ > ¢*, and
convergence to a ground state occurs if o = o*.

These so-called sharp threshold phenomena have received a lot of attention. Among others,
we may mention the works [22] considering possibly nonautonomous reaction terms, [I6] allowing
initial data with tails, [18, [19] relying on energy estimates in a L? framework, [2] providing a first
quantitative estimate of the threshold value. These results are typically obtained for monotone
families of initial conditions, but the threshold phenomenon can also be related to the issue of
fragmentation of the initial data. With that respect, we may refer to [3] [, 20].

New phenomena. For , the presence of the nonlocal competition term results in dynamics
that are fundamentally different from the standard bistable case. Notably, due to the integral term
(and, possibly, non constant fitness), there is no constant positive stationary solution, which makes
invasion impossible. The “threshold solutions”, observed in the local case when o = o* [0 22],
appear to play a crucial role in this context.



Furthermore, our analysis and numerical results indicate the possible existence of two thresholds,
0. < o*, with convergence to ground states occurring when o lies within the interval [o,, 0*], and
extinction taking place when o is outside this interval.

Organization of the paper. In Section[2] we state the precise assumptions and present the main
results. Section [3|is devoted to numerical simulations, which illustrate the richness of the possible
outcomes, in particular the potential existence of two sharp thresholds. The well-posedness of the
Cauchy problem is established in Section [l Finally, Section [f] is dedicated to the proofs of the
various results concerning extinction and persistence.

2 Assumptions and main results

Throughout the paper, we make the following assumptions on the function r describing the fitness
landscape of the pathogen in terms of its phenotype 6 € R.

Assumption 2.1 (Fitness function). We suppose r € C*(R) is bounded from above, with Tyay =
supger 7'(0) > 0, and decays at most quadratically, i.e. there exists C > 0 such that r(6) >

—C(1+6%). We also suppose that, for every p > 0, the function 6 — |r’(9)|e‘“02 is bounded.
As for the function f, we assume the following.

Assumption 2.2 (Allee effect). We suppose f € C1(R), f(0) =0, f >0 and f'(0) > rmax. We
also assume that f and f' are bounded, and that f"(0) exists.

These assumptions on f imply that
3 e > 0 such that rymaxs — f(s) <0 for all s € (0,¢], (2.1)

and that f is Lipschitz continuous. We will note C;, its Lipschitz constant.
Our first result concerns the well-posedness of the Cauchy problem associated with (|1.1)).

Assumption 2.3 (Initial datum). We suppose ug € C*P(R) for some B € (0,1), and ug > 0. We
also suppose ug(0) < C’oe_“092 for some Cy, o > 0.

Theorem 2.1 (Well-posedness). Under Assumptions and there exists a unique global
solution
u € C°([0,+00) x R) N C7((0, +00) x R)

to (L.1)) starting from ug. Moreover, this solution satisfies:
(i) u(t,0) >0 for all (t,0) € [0,+00) xR, and if ug £ 0, then u(t,0) > 0 for allt > 0 and 0 € R;

(ii) for every T > 0, there exist constants Cr, ur > 0 such that

0 < ult,0) < Cre ",  (t,0) € [0,T] x R;

(iti) the quantity p,(t) = / u(t,0) db is globally bounded in (0, +00).
R



We now turn to the long time behavior of the solution u” = u?(t,0) to starting from ug,
the family of initial conditions (u§)s>0 satisfying (L.8). To match with Assumption we also
assume that all the ug’s belong to C%?(R) for some 3 € (0,1).

First, we have the following (expected) result which asserts extinction for “small” initial data.

Proposition 2.1 (Extinction for small data). Under Assumptions and there is o, > 0
such that, for any 0 < 0 < 0., u® — 0 as t — 400 uniformly in R.

More striking is the fact that extinction may also occur for “large” initial data, which is in sharp
contrast with the standard bistable problem, see Section

Theorem 2.2 (Extinction for large data). Assume further that r is bounded from below. Then
there is o* > o, such that, for any o > o*, u? — 0 as t — +o00 uniformly in R.

The persistence or not of the above result when r is not assumed bounded from below seems
subtle. For instance, for quadratic fitness functions r(0) = 7ynax — @262, numerical simulations
suggest that this should depend on the strength of selection o > 0, see Section [3] A rigorous proof
of such a numerical conjecture is quite challenging.

Obviously, the thresholds o, and o* in Proposition 2.1 and Theorem are meaningful only
if the survival of the population is possible, under certain conditions, for values of ¢ between o,
and o*. According to the numerical simulations presented in Section [3] the following four different
scenarios may occur:

(E) Extinction in all cases: For all ¢ > 0, v — 0 as t — +oo uniformly in R.

(E*) Extinction in all cases except at a threshold value: there exists o, > 0 such that for all o # o,
u’ — 0 as t — 400 uniformly in R. However, u”* — p as ¢ — 400 uniformly in R, where p
is a positive stationary state of (|1.1)).

(EPE) Persistence between two threshold values: there are 0 < o, < ¢* < 400 such that for all
o <o,andall o >o0* v’ — 0 ast — +oo uniformly in R. However, for all o, < o < ¢*,
u? — p? as t — +oo uniformly in R, where p“ is a positive stationary state of (|1.1)).

(EP) Persistence after a threshold value: there is o, > 0 such that for all 0 < o < g4, u” — 0 as
t — 400 uniformly in R. However, for all ¢ > o,, u? — p” as t — 400 uniformly in R, where
p? is a positive stationary state of ([1.1]).

From Theorem the scenario (EP) is excluded by fitness functions that are bounded from below.
However, it may occur for quadratic fitness functions that are very narrow in the sense that the
strength of selection « is “large”.

Thus, contrary to the standard local bistable case, where the ground states (non-constant sta-
tionary solutions) played a minor role (as they were only achieved for a single value of o), here
the ground states seem to play a major role, see scenario (EPE). Demonstrating that o, and o*
are two sharp thresholds, with behaviors of type (E), (E*), (EPE), appears to be out of reach
for now. The problem is far more challenging than the classical problem due to the nonlocal
term, which makes comparison arguments difficult. As revealed by the proof of Theorem when
Py increases, it tends to decrease u, but a decrease in u causes a reduction in p,. These types of
interactions not only introduce technical difficulties but are also responsible for the existence of the
second threshold o*.



Despite such difficulties, we are able to exhibit situations where survival does occur. To do so,
we need ad hoc families of Allee effect functions f. and fitness functions r. that are scaled properly
via the small parameter 0 < ¢ < 1.

Recall that a function h : R — R is said to be radially nonincreasing if it is even and 6 — h(6)
is nonincreasing on [0, +00).

Assumption 2.4 (Ad hoc case scaled by the strength of selection). For each € > 0, we assume
that f. satisfies Assumption [2.9 and that r. satisfies Assumption [2.1 Moreover, we assume that
| fillLe = O(1) and ||fc|l= = O(e) as € — 0. As for the fitness function, we require . to be a
radially nonincreasing fitness function such that

2 max 2 max
gy [T e (s ) )
Te .
V2rmax  V2Tmax
Z Tmax — 52702; Va ¢ - ETW 9 ‘:w )

for some 0 <y < 1.

Remark 2.1. As will become transparent in the very end of the proof of Theorem in we
may replace 27 (0 < v < 1) by A%e? for A > 0. Then, if A > 0 is chosen sufficiently large, the
result below (for 0 < ¢ <« 1) remains valid.

Theorem 2.3 (Survival may occur). Let us consider a radially nonincreasing initial condition
up € CU(R, [0, +0)) with 0 < pyuy < Tmax- Then there is g > 0 (depending on py,) such that, for
any 0 < € < &g, the solution u to (L.1)) — with f = f. and r = r. as in Assumption — starting
from ug persists, in the sense that, for some R,n > 0,

R
/ u(t,8)dd >n for allt > 0.
R

In particular, u(t,-) does not converge uniformly to 0 as t — +00.

Obviously, allows quadratic but also bounded from below fitness functions. Therefore it
follows from Proposition [2.1] Theorem and Theorem [2.3] that there are situations where the two
thresholds do exist. This sustains the possibility of scenarios (E*) and (EPE).

We now present a result for quadratic fitness functions which proves the existence of a range
of selection intensity within which solutions may persist, no matter how large the initial datum is.
This contrasts with the case where the fitness is bounded from below, since initially large solutions
will always go extinct, as shown by Theorem This highlights the non-monotonic nature of the
model: although a quadratic fitness function may take smaller values than one that is bounded
from below, it can nevertheless rescue a population otherwise doomed to extinction. Again, we
emphasize that the reason for this is the subtle interplay between u and p, mentioned above.

Assumption 2.5 (Ad hoc case scaled by the maximal fitness). Suppose the fitness function is of
the form r(0) = rmax — @202, with

1< Trmaz < 0% < 27, (2.3)

and the Allee effect function satisfies Assumption together with | f|| o< (0, +00)) < 2max, and
||f/||L00([O,+oo)) < 2rmax- Suppose we also have a family (uf)s>0 of radially nonincreasing initial
data satisfying the conditions , and such that, for all o 2 1, |u|| oo () < 2rmax and uf(0) =

Tmax for all 0 € [—%, %]



Obviously the above assumption is scaled by 7.,4.:- We note that, for any rpa.e > 0, it is
always possible to choose f and (u§),>0 satisfying the above hypotheses. For instance, we may set

f(u) = rmaxuez ™ for all u > 0, and u§(0) = Srmaxp(2) for all ¢ > 1 and 6 € R, where ¢ is a
radially nonincreasing smooth function such that ¢_,1) =1 and g\ (—22) = 0.

Theorem 2.4 (Survival for large selection). Let Assumption be satisfied. Then, if rmax 1S large
enough, for every o > 1, there exist T > 0 and R,n > 0, such that

R
/ u?(t,0)dd > n forallt >T.
-R

In particular, u®(t,-) does not converge uniformly to 0 as t — +oo.

Our last evidence of the possible existence of two thresholds consist in proving, under some
conditions, the co-existence of two ordered stationary solutions when the fitness function is constant.
Here, we use a more specific form of the function f, assigning it a bump-like shape as in Fig.

Assumption 2.6 (Bump function). In addition to Assumption there is € > 0 such that
f=0in (2, 00),
f'>0in(0,e) and f' <0 in (g,2¢),
Tmax S — f(s) <0 for all s in (0,¢).

Theorem 2.5 (Existence of two stationary states). Assume that r is constant, 7(0) = r = rmax-
Assume that f satisfies Assumption 2.6, If

2e 3
2<€2<1 f<282+L—%7“3/2,

2.4
=7 o 128 (24)

equation (|1.1)) admits two bounded, positive and radially decreasing stationary solutions, p1, pa with
p1 < p2-
Assume for instance that f is a triangular bump function of the form:

F) = {2r(5|55|) if |s —¢| < e,

0 otherwise.

This function can be smoothed so that it fulfills Assumptions [2.2] and Moreover,

2e
1/0 f(s)ds = 2%,

r

so the left inequality in (2.4) is always satisfied, and the right inequality is satisfied as soon as
r> (16v2¢)%°.



3 Numerical explorations

In this section, we investigate persistence vs. extinction for the Cauchy problem associated with (|1.1))
using a simple two-parameter family of compactly supported initial data. For L > 0 (the support
length) and H > 0 (the initial height), we set

“g’H(O) = H1_p/2 1/2)(0).

For each fixed H > 0, the family (ué"H)LZO, indexed by o = L, satisfies the hypotheses in (|1.8))
(up to the Holder regularity assumed in Assumption . The precise assumptions on f and r are
described in the legend of Fig. 2]

Discretization and time stepping. All computations were carried out with the Readi2Solve
toolbox [23]. Equation is discretized in space by second-order finite differences on a uniform
grid in a finite domain (—40, 40) with homogeneous Dirichlet boundary conditions, yielding a semi-
discrete method-of-lines ODE system. Time integration is performed with odeint from ScCIPY,
which uses LSODA to adaptively switch between Adams and BDF schemes. A reproducible
Python Jupyter notebook is available here.

Diagnostic for persistence vs. extinction. In all experiments we evaluate maxy u(T, ) at the
final time 7' = 5. If this maximum is below the Allee threshold, maxg u(T,0) < e, we classify the
trajectory as heading toward extinction. If it exceeds the upper plateau, maxy u(T,0) > 2e, we
classify it as persisting at later times. We therefore plot, in Fig. [2 the map (H, L) — maxg u(T, ),
which reveals two sharply contrasted regions corresponding to persistence (in yellow) and extinction
(in purple). Along the narrow boundary separating these two regions, the long-term behavior
remains uncertain and would require simulations with larger T' to be clarified; however, since this
boundary zone is very thin, such refinements are not essential for our purposes.

Constant fitness. We first consider a constant fitness 7(6) = r = ryax, as in Theorem results
are shown in Fig. [2h. For small H we observe scenario (E) (extinction in all cases). As H increases
there appears to be a critical height H* at which scenario (E*) emerges (extinction in all cases
except at a threshold). For H > H* we then observe scenario (EPE) (persistence for an interval
of L delimited by two thresholds).

Fitness bounded from below. Next, we consider a fitness function r with a maximum at
0 = 0, which becomes negative away from the optimum while remaining bounded from below, in
accordance with the assumptions of Theorem [2.2} see Fig. 2b. Qualitatively, we again observe a
transition (E) — (E*) — (EPE) as the height H increases, mirroring the constant-fitness case.

Quaderatic fitness. Finally, we consider the quadratic landscape 7(0) = rmpax — a?6?, which does
not satisfy the “bounded from below” hypothesis of Theorem [2.2] For weak selection (small «), the
outcome is qualitatively similar to the previous two settings: as H increases we again observe the
sequence (E) — (E*) — (EPE); see Fig. [2¢.

For stronger selection (larger «), the extinction-for-large-L phenomenon observed in the other
cases may fail. In this regime, increasing H leads to the extended progression (E) — (E*) —
(EPE) — (EP); see Fig. 2. This demonstrates that the assumption of r being bounded from
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below is not merely technical in Theorem [2.2} when it is not satisfied, the conclusion of the theorem
may indeed fail.

Overall, these computations support the qualitative picture developed in Sections [I| and [2} de-
pending on the fitness landscape and on the initial “mass—support trade-oft” (H, L), the dynamics
can exhibit one or two thresholds separating extinction from persistence, with the nonlocal compe-
tition term playing a key role in producing the “two-thresholds” (EPE) regime. A natural question
is which stationary state is reached in the persistent regime as L varies. Our numerical simulations
suggest that solutions consistently converge to the same stationary state (Fig. . By contrast,
Theorem [2.5 guarantees, in the constant r case, the existence of (at least) two distinct stationary
states. The numerical evidence therefore points to only one of them being stable.
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Figure 2: Extinction—persistence diagrams obtained from the final value w(T, 6 = 0) as a function

of the initial width L and height H of the initial condition ug HPanels: (a) constant selection; (b)
bounded selection profile; (c) weak quadratic decrease; (d) strong quadratic decrease. In all cases,

Flu) = 15u(1 = £)* 11,200y with & = 0.1 and final time T = 5.
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Figure 3: Final-time solution profiles u(T, ) for four different selection functions r, at T'= 5. Nu-
merically, all the initial conditions that lead to persistence converge to these profiles. A logarithmic
scale in 60 is adopted here to highlight the differences between the profiles obtained for the different
choices of r(9).

4 Well-posedness of the Cauchy problem

Proof outline. We work in a function space X7, introduced below in , and establish a priori
estimates that yield the existence and uniqueness of solutions to the Cauchy problem associated
with ; existence is obtained via a fixed-point method and compactness, while uniqueness follows
from a comparison estimate.

(i) Gaussian control, positivity, and pointwise u—p,, link. A heat-kernel comparison (Lemma
yields Gaussian upper bounds for subsolutions of parabolic equations involving quadratically in-
creasing coefficients, as in Assumption Applied to u2, this gives a Gaussian envelope for u on
each [0,7] (Proposition . The parabolic maximum principle then ensures v > 0 (and « > 0 for
t > 0if ug £ 0), see Proposition Applying once more the heat-kernel representation, we control
u in terms of p,(t) (Lemma [£.2).

(i) Dynamics of p, via derivative estimates. To justify integrating with respect to § € R
and obtaining an equation on p!,, we prove Gaussian decay for dgu, Opgu, and Oyu on interior time
slabs (Proposition . The argument uses the Duhamel formula, a near/far spatial splitting in
the heat-kernel integrals, and the envelope from (7). These controls allow dominated convergence

for 0;u and show that / Ogopudf = 0, yielding an ODE for p,. Then, a logistic-type comparison
R
gives a global bound on p,, and combining this with Lemma [£.2] yields a global bound on u

(Proposition [£.4)).

11



(#i) Uniqueness in Xp«. For two solutions u, v, the difference w = u—w solves a linear inequality
with bounded coefficients and a Gaussian source depending on ||py || L. Lemma [4.1| gives a short-
time estimate forcing p,, = 0, and a continuation argument extends this to (0, 7*) (Proposition [4.5]).

(iv) Existence by truncation, fixed point, and compactness. We first solve a truncated problem
with compactly supported fitness term 7 (where 0 < ¢ < 1 € C}(R)) by a fixed point in a weighted
Holder space, using the Duhamel formula and the bounds from step (¢) (Lemma ; continuation
yields a global solution (Proposition . Removing the truncation with cutoffs ¢,, — 1, uniform
Gaussian and Holder controls give equicontinuity; Arzela-Ascoli and dominated convergence allow
us to pass to the limit in the Duhamel representation. Parabolic regularity implies that the limit
lies in X, and step (#i¢) implies uniqueness, completing the proof of Theorem

4.1 A priori properties
Let T* € (0, +00]. We define the space
u e Cp((0,T) x R),
Xre =S ueC%0,T*) xR) | t — / u(t, 0) df is locally bounded in [0,T7),
R
VT €[0,T%), 3Cr,vr > 0 s.t. [u(t,0)] < Cre?™® in [0,T] x R
(4.1)
In the sequel, we assume that u € Xp« satisfies (1.1]) for ¢ € (0,7*). We derive a priori estimates
and properties that will allow us to establish the existence and uniqueness of a solution in Xp-.
We will begin by establishing the positivity of u, and bounding it and its derivatives by a Gaussian
function locally in time. This will, in turn, help to prove the well-posedness of the parabolic equation

satisfied by p. Using this equation, we will prove the global boundedness of both p and u. Before
going further on, we establish some properties of the elements of the set Xp.

Lemma 4.1. LetT > 0 and v € C°([0, T XR)QCE;;?((O,T] xR). Suppose there are Cy, po, Cr,yr >
0 such that v(0,0) < Coe 0% and lv(t,0)] < Crem® in [0,T] x R.

Assume a € C°([0,T] x R) satisfies a(t,0) < A and |a(t,0)] < Co(1 + 02) for some constants
A,Cy >0 and all (t,0) € [0,T] x R.

1. Suppose there exist constants Q1,1 > 0 such that

Oy (t, 0) — Dggu(t,0) < a(t,0)v(t,0) + Qre "% in (0,T] x R.
Then, for all (t,0) € (0,T] x R,
162 1162
u(t,0) < e [Coe‘woﬂ +TQ16’”4””} '

2. Suppose that limsup)g|_,, v(t,0) < 0 uniformly int € [0,T], and that

0w (t,0) — Opov(t,0) < a(t,0)v(t,0) + Blo(t,0)| + Qle*’“e2 in (0,T) x R,
for some constants B, Q1,1 > 0. Then, for all (t,0) € (0,T] x R,

100> 1162
v(t, 0) < eATB [C’oe% + TQleH‘Hsﬂf} .
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2
Throughout the proofs of this section, we will note G(t, ) := ﬁe*% the fundamental solution
to the heat equation over (0, +o00) x R.

Proof. The proof of both results is similar. We begin by defining the function:

¢
o(t,0) = et [/ G(t, 0 — 77)C067“0772d77 —|—/ / G(t—s,0— 77)@167”1772 dnds| ,
R o Jr

where C' is taken to be equal to A in the first case of Lemma and equal to A + B in the second
case. We can check that ¥ is a non-negative solution of the equation:

6t17(ta 9) - 89917(t, 0) = C*ﬁ(t, 0) + Qle—#1027

with ©(0,60) = CpeHo0* > v(0, ), for all # € R. Furthermore, one may check that, for any pu > 0,
any (t,0) € (0,7] x R,

1 2 _i _ ;L02 )

(0—mn) 2 e 1+4pt 144put 0 2 e~ T+aut 1o
/ e” m e M dp = e~ A (1= 1) dp = ——— < ¢ THamT,
R R

VAt VAt V1I4+4put —

and thus,

1y 62 2 2

_ ot _ _ugo? b me? ot _ _mgo? __mo?
0(t,0) <e”" |Coe” Tt + @ [ e THmG-ads| <e”" |Coe THrot + QTe Tt
0

All that is left is proving we have v < ©. To prove the first item of the lemma, we use the inequality:
8t(’0—1_/)—899(’0—5) Sa(l)—l_/), (t,e)E(O,T] XR7

and, in view of the hypotheses on a and v, we conclude thanks to the the parabolic maximum
principle [8, Chapter 2, Theorem 9]. As for the second item of the lemma, we observe that

040 — Dggt > av + B|o| + Qe ™%, (t,0) € (0,T] x R,
and we conclude thanks to the comparison principle [8, Chapter 2, Thorem 16]. O
Proposition 4.1. Let T € (0,T*). There exist C, pn > 0 such that
lu(t,8)] < Ce " for any (t,0) € [0,T] x R.

In particular, u(t,6) — 0 as |#] — +oo, uniformly in time over [0,7]. This will allow us to
compare u with functions that vanish at infinity in 6, using the comparison theorem for parabolic
partial differential equations. Thanks to this estimate, we also immediately obtain the continuity
of t — p,(t) on [0,7T] by applying the dominated convergence theorem.

Proof. Since u € Ctlf((O,T*) x R), we may consider the parabolic equation satisfied by u?, using
the main equation ([1.1)):

Or(u?) — Do (u?) = 2udsu — 2udggu — 2(pu)? < 2u(dpu — Jpgu) = 2r(0)u” — 2p, (t)u? — 2uf(u).
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First, we observe that |uf(u)| < Cp;u?, where CL;;, > 0 is the Lipschitz constant of f, as given by
Assumption Next, since u € X+, the function p,, is locally bounded on [0,7*). Let M > 0
be a bound for p,, on [0,7]. Assumption further implies that r is bounded from above by some
constant ryax > 0. Putting everything together, we obtain:

at(u2) - 609(u2) S 2(rmax + M + CLip)uz'
We note that, according to Assumption we have u3(0) < 086_2“002. Since u € X7, u? verifies
the hypotheses of Lemma Applying the first case of the lemma to u?, we find u?(t,0) <
ez(rm“*M*C“P)TC’ge_%, and thus:

2
lu(t,0)| < e(rnxax+M+CLip)Tcoe_%

for all (¢,0) € [0,T] x R, which is the estimate we sought. O
Proposition 4.2. Necessarily, u > 0. If ug Z 0, we have u > 0 in (0,7*) x R.

Proof. Let T € (0,T*). Set ¢(t,0) :=r(0) — pu(t) — g(u(t,0)), with g(s) := f(s)/s for s € R* and
g(0) = f/(0). Then, we have dyu — dggu — ¢(t,0)u = 0, and, since v € Xp~ and f is Lipschitz-
continuous, ¢ is continuous and bounded in [0, 7] xR. Since ug > 0 the parabolic maximum principle
implies v > 0 in [0,7] x R. If ug # 0, the strong parabolic maximum principle further implies that
u>0in (0,7] x R. O
Lemma 4.2. Let 7 € (0,T*). For all (¢,0) € [0,T* —7) X R, we have u(t + 7,0) < e:/lg pu(t).
Proof. Let 7 € (0,T*) and to € [0,7* — 7). We define a(t,0) := emmax(t=to0) [ G(t — 10,0 —
0 u(to, 0)dd’ for all (¢,60) € (to, T*) x R, which is a solution of the parabolic system:

Ottt — Opolh = Tmaxl, (t,0) € (to, T") x R,
a(to, 9) = u(to, 0), 0 € R.

We note that, using the non-negativity of u and f given by Proposition [{.2] and Assumption [2:2]
respectively, we get from the main equation (|1.1)):

O — Opots < raxtt,  (t,0) € (o, T") xR

It follows from the comparison principle that v < @ over (¢, 7*) X R. From the definitions of G
and @, we can deduce the following estimate for all § € R:

eTl‘ﬂaXT e?"n]axT
u(to + 7,0 Se’"ma"T/GT,Q—G’ut,H'dﬁ'g u(ty, 8)do' = w(to),
( 0 ) & ( ) ( 0 ) \/m & ( 0 ) \/ﬁp ( 0)
which is the estimate we wanted for all ty € [0,T* — 7). O

In order to describe the dynamics of p, if we formally integrate (|1.1) over 6 € R, we get:

o(t) = /R r(O)u(t, 0)d0 — p(t) — /R Fu(t,0)do,  for all £ > 0. (4.2)

To justify doing so, we must first prove the following control on the derivatives of u when |6| — co.
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Proposition 4.3. For every T1,T> € (0,T*) where Ty < Ty, there exist C, > 0 such that:
|Ogult, 0)] + [Dagu(t, )] + [Dpult, )] < Ce ",
for all (¢,0) € [T1,Ts] x R.

Thanks to Proposition we can directly deduce (4.2) by integrating the main equation (1.1
with respect to 6. Indeed, we can apply the dominated convergence theorem to find [, dyu(t, 0)df =
p/(t), as well as the estimate on dgu to get [, dgou(t,#)dd = 0 for all t € (0,T).

Proof. Let T1,T, € (0,7*) such that T} < T5. Define the function F(t,0) := r(0)u(t,0) —
pu(t)u(t,0) — f(u(t,0)) for all (t,0) € [T1,To] x R. Due to the continuity of p,, the regularity
of u, r, and f, and the non-negativity of v given by Proposition (used here, as we only assume
that f € C'([0,+00))), we get that F and its derivative 9pF are continuous over [T1,T»] x R. F
is therefore locally Lipschitz in § € R, uniformly in ¢ € [T},73]. Furthermore, r is bounded by
a quadratic function and u is bounded by a Gaussian function in 6 according to Assumption [2.1
and Proposition Therefore, using the Lipschitz continuity of f and the boundedness of p, over
[Ty, T»], we can bound F'(¢,0) by a Gaussian function C’Fe‘”F‘92 for some Cp, up > 0 and for all
(t,0) € [Ty, T»] x R. Thanks to existence and uniqueness results of solutions of parabolic differential
equations, [8, Chapter 1, Theorems 12 and 16|, we can now assert that the solution u to the problem
(1.1) can be expressed as:

u(t,0) = /RG(t, 0 — n)uo(n)dn + /0 /RG(t — 5,0 —n)F(s,n)dnds,

and its derivative with respect to 6 is given by:

t
Opu(t,0) = / 0pG(t,0 — n)uo(n)dn + / / 0oG(t — 5,0 —n)F(s,n)dnds, (4.3)
R 0o JR
for all (t,0) € [T, T>] x R. We note that |0gG(t,0)| = 2t\‘27te_% < t\/lﬂe_%i, where we bounded

2
%e—%ﬁ by 1, since ze~® <1 for all z > 0. We can therefore estimate the first integral of 1b

for all (t,0) € [T1,Ts] x R as follows:

o o e hon® g
V27 Jr
200 ng6? 200 1o 62

e TH8upt < e T+8uoT2 , (44)

< -0 -0
/(1 + 8uot) ~ V/Ti(1+ 8ueTy)

where Cjy, g > 0 are the constants given in Assumption and dealing with the convolution of
Gaussian functions as we did in the proof of Lemma To deal with the second term of (4.3), we
fix (¢,0) € [T1,T2] x R and split the integral over R into two parts:

JanGit.o- n)uO(n)dn‘ <

/ 0pG(t — 5,0 —n)F(s,n)dn = / 09G(t — 5,0 — 1) F(s,m)dn
R l0—nl<[0]/2

+ / 09G(t — 5,0 — 1) F(s,n)dn,
|6—nl>|6]/2
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161
2

o o
for all s € (0,¢). The condition |§ — 5| < %,

integral as follows:

implies |n| > and we can thus bound the first

/ 09G(t — 5,6 — 1) F(s,m)dn
l0—n|<|0]/2

< C’F/ 106G (t — 5,0 —n)|e 77" dn
[0—n|<[60]/2

_npo?

< Cpe 1

_(e—m? 2Cp _npo?
1

1
— [ e smody< e
(t—S)\/27T/R = Vi—s

For the integral over {|60—n| > %}, we simply use the fact that F is bounded by Cr over [T, To] xR,
and we have:

(4.5)

Cr _(0-n)?
Gt — 5,0 —n)F(s,n)dn| < ———= e St dp
l0—nl>101/2 (t = $)V2T Jig—n|>|0]/2
o . _(o—n)? _o-m?  (0-m)? .
Writing the integrand as e” 85G=s) = e 18- ¢~ 16—  we can bound the first term in the product
2

by 676272 when |6 — n| > % and 0 < s < t < Ty, and bound the integral of the second term by

8 - 2
SCF”t—se 5975 (4.6)

Putting the estimates (4.4)), (4.5, and (4.6 back into (4.3), we get:
2Cy
Ty (1 4 810T1)

_(6—m?
Jze ) dn = \/16(t — s)7, thus yielding us:

/ Gt — 8,0 —n)F(s,n)dn
|0—n|>01/2

2 2 2
Bgult, 0)] < o TGTs | 4Cp\/Toe "5 + 205 \/BThe o575
for all (¢,0) € [T1,T>] x R. Since all three of the terms on the right are Gaussian functions, we can
bound all of them by a single Gaussian function Cre"19 for some Ci,p1 > 0 and for all 8 € R,
hence the inequality of Proposition for Ogu.
Let us now prove the result for dggu. Defining Ty = Ty /2, for all (¢,0) € [T1,Tz] x R, we can
express Jgou as:

t
Dogul(t,0) = / 900G (t — To, 0 — n)u(To, n)dn + / / oG (t — 5,60 —n)F(s,n)dnds. (4.7)
R 7, Jr

2 2 2 2 2 2 .
Note that |9geG(t,0)] < \/ﬁ(%e*%—i—f?e*%) < \/ﬁ(%e*%—l—%e*%) < We’%m using the

2
fact that g—ie_% < 1 because ze~* < 1 for all > 0. Therefore, we have for all (¢,0) € [T}, To] x R:

/ oG (t — To, 0 — n)u(To, n)dn| < 5 [ e~hTo dp
R T At -To)3 AT e
02
5CT0 6_ 1+8M:-Z?T2—Tg) ; (48)

— To/2(1 + 8ur, To)

since t — Ty > 11 — Ty = Ty, where Cr,, ur, are the constants given by Proposition such that
u(t,0) < Cpe 709 for all (t,6) € [0, Ty xR. For the second term of (4.7), we fix (¢,0) € [Ty, To] xR
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and s € (Tp, t], and we wish to integrate by parts with respect to . From the definition of F', we
have 9pF(s,m) = ' (n)u(s,n) + r(n)deu(s,n) — pu(s)deu(s,n) — du(s,n)f' (u(s,n)). We can apply
the previous arguments to the time interval [Ty, T3] and bound dpu(s,n) by a Gaussian function in
7 € R, uniformly in s € [Ty, T»]. Therefore, due to the bounds on r, 7/, and f’ given by Assumptions
and we can also bound 9y F(s,n) by a Gaussian function Che™#¥7" for some C', hy > 0
and all (s,n) € [Tp, Tz] x R. We note that we can also bound n — JyG(t — s,0 — n)F(s,n) by such
a Gaussian function, and we can thus integrate by parts:

/ 0goG(t — 5,0 —n)F(s,m)dn = — / G (t — 5,0 —1)0gF(s,m)dn.
R R

Applying the same arguments we did for dpu, we find the bound:

t /92 62
/ / BpG(t — 5,0 —n)0aF(s,n)dnds| < 4C% TgefFTe + 205/ 8Tse T2 (4.9)
R

To

for all (¢,0) € [T1,T2] x R. Inserting the estimates and into , we can thus bound
Opou(t,0) by a single Gaussian function Che=12%” for some Cy, pis > 0 and all (t,0) € [Th, T3] x R,
and we have proven the result for dygu.

Finally, to prove the inequality of Proposition for Qyu, we can simply use the main equation

(1.1) to get:
|0u(t, 0)] < |Bgou(t, 0)| + [F(t,0)] < Coe 2% + Cre % < 2max(Cy, Cp)e™ ™nlH2pr)6®,
for all (t,0) € [T1, T3] x R, thus concluding the proof. O

Proposition 4.4. Let My, M{) > 0 such that ug(8) < My for all § € R and py, < M. There exist
M, M’ > 0 such that, for all (t,0) € [0,T*) x R:

u(t,@) S Ma pu(t) S M/a

where we can choose M’ = max(M{), "max), and M depends only on rmax, Mo, and M.

Proof. Thanks to Proposition we can integrate over § € R to reach and, thus,
P < Tmaxpu — p2 together with p,(0) = p,, < M{. Conclusion p, < M’ := max(M{, "maz) thus
follows from comparison arguments for ODEs.

Let us now prove the boundedness of u. Since Oyu— gt < Tynaqst it follows from the comparison
principle that u(t,0) < e"meat My < e™max My for all (,0) € [0, min{T*,1}) x R. If T* > 1, we use
Lemmawith 7 =1to get u(t +1,0) < Er=p,(t) < CM’ for all (t,0) € (0,T* — 1) x R, where

Var
C' depends only on 7y.x. Choosing M := max(e"™=x My, CM"), we get the bound on w. O
4.2 Proof of Theorem [2.1]

Proposition 4.5. Let ug satisfy Assumption . There is at most one solution u to , starting
from uq, such that u € Xp~.

Proof. Let u,v € X7 be two solutions to the problem (1.1]), and define w := uw—v. Then w satisfies
the equation Oyw—0ggw = 1(0)w— po, (£)w— poy (t)v—(f (u)— f(v)) for all (¢,0) € (0,7*) xR. We note
M’ a global bound of p,, and p,, given by Proposition[d.4 Let T' € (0,T*). According to Proposition
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we can choose C, i > 0 such that |u(t,0)| + [v(t, )| < Ce %" for all (t,0) € [0,T] x R. Since
py and p, are both bounded, p,, is bounded as well and we have the following inequality:

Oyw — dgow < (1(0) — pu(t))w + Criplw| + pr||Lm([07T])Ce_”92, (4.10)
for all (¢,0) € [0,T] x R. We can apply the second case of Lemma to w and obtain the control:

/ . __ub?
lw(t,0)] < e(Tmax+M +CL1P)TT||pw||L°°([0,T])O€ THT | (4.11)

for all (¢,0) € [0,7] x R, as the inequality (4.10) remains true if we instead define w to be v — wu.
Integrating the previous inequality with respect to 6 € R, we get:

. / v (1 +4uT
|pw(t)| < e( max+M +CLW)TT||PwHLoo([0,T])C ('u),

for all t € [0,T)]. Defining ¢ := e(rmaxtM'+CLin) TP, / W’ we can choose T > 0 small enough
to have 0 < ¢ < 1. Since the previous inequality yields ||pw||ze(jo,77) < @llPw|| Lo (j0,77), this implies
l|pwllLo([0,77) = 0, and thus w is identically 0 over [0,7] x R according to the inequality.
To conclude the proof, define T € [0, T*] the maximal time such that u = v over [0,T) x R. If
we suppose T' < T*, then by continuity u(T,-) = v(T,-) over R. Taking T as the initial time, we
can apply the arguments we used above to find a time 7 > T such that u = v over [0, 7] x R, which
contradicts the definition of T. Therefore, T = T* and u = v over [0, T*) x R, hence the uniqueness
of the solution. O

We now turn to the aforementioned truncated problem and consider local solutions.

Lemma 4.3. Let p € C}(R) such that 0 < ¢ <1, B € (0,1), and Co, po,C > 0. Then there exists
T = T(Co, po, Cg) > 0 such that, for every ug € C%P(R) verifying

0<up(d) < CoeHo?” forall® € R, and sup [uo(6) = u0é92)|
9}9,9;%11&, |01 — 62|

< C, (4.12)

the problem

atu(t’ 6) - 809u(t’ 9) = <p(9)r(9)u(t, 9) - u<t7 Q)pu(t) - f(u(ta 9))7 (ta 9) € (07 T) X R, (4 13)
u(0,0) = uo(0), 0 € R, '

admits a unique solution u in Xr.

Proof. Let us first define for all T, k,y,w > 0 the space:
Ut yw = {u € C°([0,T] x R), such that 0 < u(t,0) < e Y’
for all (#,0) € [0,T] x R and u| < w} :

where |u is the seminorm defined by:

e sy G000

B
(,61,02)€[0,T] xR2, |61 — 62
017#02, |01 —02|<1
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We define [[ully; == [|ul|oo + [|ull1 + [ul4 its associated norm, where ||ul|cc = sup gy, 1)xr [u(t; 0)]
and |[ully = sup,epo, 7y [p [u(t, 0)] df. We note that Ur . 4. is a complete metric space with respect
to the norm || - ||v.

Let ug € C%#(R) a function satisfying the hypothesis of Lemma We note f(x) for
every x > 0 the function equal to % when z > 0, and to f/(0) when z = 0. f is therefore
continuous over [0,+oc0) and bounded by Cp;p, and its derivative over (0,4o00) satisfies, using
Taylor’s theorem:

f(x) = M = % {x (f’(O) +zf"(0)+ o +(;10)) —xf'(0) — %x2f”(0) + o (2?)

€T z—0

1 1
= 'O+ o (1),

Since f and f' are bounded, f’ is thus bounded over [0, +00), and f is Lipschitz continuous over
[0,400). As a result, for every v € Ur s ~.w, f o w is locally Holder continuous (of exponent f)
with respect to 6, uniformly in time ¢t € [0,7]. Defining for all v € Ur x ~. and (¢,0) € [0,7] x R
the function F,(t,60) := o(0)r(0) — pu(t) — f(v(t,H)), we therefore get that F, is locally Holder
continuous (of exponent () with respect to § € R, uniformly in ¢ € [0,T], because r and ¢ are
continuously differentiable. F, is also bounded because ¢ has compact support. We also note that
po is continuous due to v being bounded by a Gaussian function in  and the dominated convergence
theorem. Therefore, for every v € U, ., We can define ®[v] to be the unique solution of the linear
problem, see [8 Chapter 1, Theorems 12 and 16],

0 ®[v](t,0) — Opo®[v](t,0) = Fy(t, 0)P[v](t,0), (t,0) € (0,77 x R (4.14)
@[v](0,0) = ug(6), 0 € R, '
such that ®[v] € X7. Moreover, ®[v] is given by the Duhamel formula:
®i).0) = [ G0 —mundn+ [ [ Ge—s0-nFnollsminds (@13

for all (¢,0) € (0,T] x R. Let us show we can choose T, > 0 small enough and x,w > 0 large
enough so that ® is a contraction over Ur . w0 -
We start by showing that ®[v] € Ur . 0. First, for all v € Upy ~.., we have 0 < ®[v](t,6) <

162
CoemmaxTe™ T due to arguments showcased in the proofs of Proposition and then applying
the first case of Lemma [£.1] Using the same arguments, we can show that any solution u € Xr to
the problem (4.13) is non-negative and bounded by the same Gaussian function as ®[v]. We may

thus take T' < 1, k > Cpe"™=x and v < JTOM, which yields the desired estimate ®[v](t,0) < /ie_wz,

as well as u(t,0) < ke for all (t,0) € [0,T] x R and for any solution u € X7 to [@.13). We will
consider x and -y fixed from now on. To prove the estimate we want on |®[v]|g, we simply write,
for all (t,01,02) € [0,T] x R? and using the equation (4.15):

|[v](t,01) — @[v](t,02)] = /RG(I% n)(uo(6h —n) — uo(b2 —n))dn

+ / / (Gt — 5,601 — ) — Gt — 5,05 — 1))y (5,) D[] (5, n)dnds.
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We bound the first term of the right-hand side by using the Holder continuity of ug given by
the assumption , which leads to |ug(61 —n) —up(62 —n)| < Cgl01 — 65]°. For the second
term, we use the definition of F, and the estimate 0 < v(¢,6) < ke=7%" to bound F, by Cp :=
lor|| Loo () + /f\/% + CLip. From the Holder continuity of the function € R — \/%e_f”z, we can

write |G(t — 5,00 — 1) — G(t — 5,02 —n)| < %m 161 — 05)%, for some C}3 > 0 which depends
only on . Supposing T' < 1 without loss of generality, and using the bound |®[v]| < &, we therefore

obtain the estimate:
|[v](t,01) — @[v](¢,62)] 2C5CFk
|91 — 92‘6 1- 6 ’

for all (¢,01,05) € [0,7] x R? such that 6; # 0. Fixing w > 0 to be larger than the right-hand side
of the above inequality, we thus have [®[v]|; < w and ®[v] € Ut 5,0 We can again use the same
arguments on any solution u € X¢ to the problem to show that |u|g has the same bound as
|®[v]|g, and therefore u necessarily belongs to Ur x ~ .-

Now that we have established that ® maps Ur . ~,. into itself, let us show that it is a contraction
with respect to ||-||;. Let v,w € Ury 0. From the system satisfied by ®[v] and P[w],
O[v] — P[w] satisfies:

{@(‘b[v} — @[w]) — Opo(P[v] — Pw]) = Fy(t,0)(P[v] — @[w]) + (Fu(t, 0) — Fu(t, 0))®[w],

< Cp+ ChCpr——t'® < Cj+

2
1-p5

(®[v] — @[w])(0,6) =0, (4.16)

for all (¢,0) € (0,7] x R. From the definition of F, and F,, we have |F,(t,0) — F,(t,0)] =
‘pv—w + f(v(t,0)) — f(w(t,&))’ < v — ||y + CLip||v — wl||oo, where Cpr;;, > 0 is the Lipschitz
constant of f. Moreover, ®[v] € Ur .~ .w and so we can bound it by ke~ and get:
Ou(@0] — @fw]) — 9po(®[v] — @[w]) < Cr |[@[v] = ]| + ke~ (|fv = wlls + Crapll = wl|oo)
Applying the second case of Lemma to ®[v] — ®[w], we get the estimate:
0l 2 jod
9[0](t,0) — Blu](t,0)] < kTeTe 0 (Jlo —wls + Cripllo — wllc)

for all (¢,6) € [0,7] x R, after noting that the same arguments apply to ®[w] — ®[v]. Choosing
T > 0 small enough (independently of v and w), we can thus obtain the estimates ||®[v] — P[w]||c0 <
1(|Jv — w||1 + ||v — w||e) and [|@[v] — @[w]||1 < L(|]v — w]|[1 + ||[v — w]|o). We now prove that we
can get a similar estimate for |®[v] — ®[w]|s. For all (¢,61,02) € (0,T] x R2, we have:

(@[0] — Blw])(t,01) — (B[0] — Blu])(t,0:)] < / / (Gt — 5,0, — ) — G(t — 5,05 — 1))
[Fu(s, n)(®[v](s,n) — ®[w](s,n)) + (Fy(s,n) — Fu(s,n))®[w](s,n)|dnds.
As above, the Holder continuity of z € R — ie“z yields |G(t — 5,60 —n) — G(t — 5,02 — )| <

=
@_557{15)/2 |6, — 65|°. For the other terms inside the integral, we have the bounds:

[ Futsn@lolts.n) - @[w](sm))dn] < Cpl|®fe] - Bl
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and,
A@u&m—FMammmwmmﬂs<w—wh+@@m—wmq4mﬂ“m

ﬂ' ~
< ’ﬂ/ ;(HU —wl|1 + CLipHU — w|oo)-

Putting these estimates together, we have:

[(®[v] — @[w])(t, 1) — (P[v] — w])(t, 02)|
101 — 62|

QClﬂ =8 Fis -
<1-g 75’[ = |Crl|®[v] — @[w]||y +H\/;(||v—w|1 + CLipllv — w]|oo)
!

20, .- C I C ~
B B i F
< 2T (S 4wy [ Dl - =L+ Cup)llo = wlloo |,
<175 ﬁ4 +n¢;mv wll + (= + Crigllv wn}

for all (¢,01,02) € [0,T] x R? such that 6; # 6. We can thus choose T > 0 small enough
(independently of v and w) such that |®[v] — ®[w]|, < 1(|lv = wl[1 + [|v — w||x). Finally, adding
up our estimates, we get ||®[v] — ®[w]||y < 2||v — w||y, making ® a contraction of Ury 4.
Applying the Banach fixed-point theorem, we know ® has a unique fixed point in Uz~ w,
corresponding to a unique solution to the problem . Since we have shown that any solution
u € X7 necessarily belongs to Ur . ., the solution is unique in X7 as well, which concludes the
proof of Lemma [£.3] 0

We now turn to global solutions for the truncated problem. Recall that, for any T* € (0, +o00],
X7+ was defined in (4.1)).

Proposition 4.6. Let ¢ € CY(R) such that 0 < ¢ < 1. Then there exists a unique global solution
u to the problem

Opu(t, 0) — Ogou(t, 0) = p()r(0)u(t, ) — u(t,0)pu(t) — f(u(t,8)), (t,0) € (0,4+0) x R,
u(0,0) = uo(0), 0 eR,
(4.17)
such that uw € Xo,. Furthermore, u s given by

u(t, 0) Z‘/RG(t,G — n)ug(n)dn
+/ /G@*&9*nHﬂmNmM&m*USWMA@*fWGmmdM& (4.18)
0 R

for all (¢,0) € (0,+00) x R.

Proof. Note T the maximal time such that there exists a unique solution u € Xy to the problem
.17) over [0,T) x R, and suppose T < 4o00. We know from Lemma that T > 0. Applying
Proposition and Lemma we have for all (¢,0) € [0,T) x R the inequalities 0 < u(¢,0) <
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Lm0 . . .
CoemmaxTe” THiTug | where Cy, juo > 0 are the constants defined in Assumption Moreover, in the

proof of Lemma [1.3] we also show the inequality:
Jult, 02) — u(t,0)] R R
<Cg+ CiCF T
10, — 0, S I

for all (t,601,62) € [0,T) x R? such that 6; # 0, where 3 € (0,1) is the Holder exponent of wug
given by Assumption Cp > 0 is the S-Holder coefficient of u, C[l3 is the S-Holder coefficient

ofz €R— \/%679627 and Cp := |[pr||pe®) + Coermaxf\/@+ ClLip is a bound of (¢,6) —

7(0) — pu(t) — L5 gver [0,T) x R. Finally, this shows that there exist Cy, fig, Cg, suc
p(0)r(0 flute ) 0,7) x R. Finally, this shows that th C Cs, such
that, for all 7 € (0,T), we have 0 < u(r,0) < C’Oe—ﬁo(?z and

|u(T,01) — u(r,02)| < F

sup
01,02€R, |60, — 92‘5
01402

Thus according to Lemma there exists T'(Co, ig, C3) > 0 such that, for all 7 € [0,T), the local
problem with initial condition u(7,-) has a unique solution @ over [r,7 4+ T] x R such that
@(- —7,-) € Xp. Taking 7 = T — T/2, we can therefore extend the unique solution to the problem
to the domain [0, 7 + T/2) x R, which contradicts the definition of 7. Thus, T' = +o0o which
proves the existence of a unique solution over [0, +00) x R.

Since, for all T > 0, the function (¢,0) — @(0)r(0)u(t,0) — u(t,0)p.(t) — f(u(t,0)) is bounded
over [0, 7] x R and locally Holder-continuous in # € R, uniformly in ¢ € [0,T], we can verify that
the right-hand side of the equation is also a solution to the problem and belongs to
X By uniqueness, we get that u satisfies . O

We are now ready to prove Theorem [2.1] that is, the existence and uniqueness of a solution to
the main problem (|1.1)).

Proof of Theorem[2.1] Let ¢ € C}(R) with 0 < ¢ <1, p=1on[-1,1] and p =0 on R\ (-2,2),
and set ¢, (0) := ¢(0/n), n € N*. By Proposition for each n there exists a unique global
solution u,, € X to

Ortn — Opotn, = ©n (0)7(0)up, — Puy, (t) un — flun), u (0,0) = uo(0),

with the representation
t
un(t,0) = G(t) * uo(0) + // G(t—s,0 —n) (gpnrun — Pu, Un — f(un))(s, n) dn ds. (4.19)
0JR

Step 1: Uniform bounds (independent of n). For any fixed T' > 0, Proposition and
Lemma [£.1] give a Gaussian envelope

0< un(t,0) < ke forall (¢,0) € [0,T] x R, (4.20)

with k = kK(T') > 0 and v = (T') > 0 independent of n. In particular,

™
1un | Lo (0,7 xR) < K, sup / un(t, 0)do < k[ —,
te[0,7] JR Y
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hence |py, (t)| < M := ky/7/y on [0, T], uniformly in n. By the growth assumption on r and the
boundedness of f, the term

H, (1, 0) := on(0)r(0)un(t, 0) — pu, (t)un(t, 0) — f(un(t,0))
satisfies the uniform bound
|Hn(t,0)] < C, for all (¢,0) € [0,T] x R, (4.21)

for some C, = C,(T') independent of n.

Step 2: Equicontinuity.

Uniform equicontinuity in 6. Using the representation formula (4.19) with 61,60, € R, write
|tn(t, 61) — un(t,02)] < A+ B,

with

b

t
B::‘//(Gl—Gz)Hndnds
0JR

where G1 = G(t — 8,01 — 1), Go = G(t — 5,00 —n) and H,, = H,(s,7n).

7‘"0(‘?:;?2(74)‘ < 400, we have

A= [ Gt (uo(6 — )~ uol6s ) d.
R

We first deal with the term A. Since [uo]co.5®) = sup,.4,

A < [ug]cosy |61 — 02]° / G(t,n) dn = [u]co.s () |61 — 02]°.
R
Next, we deal with the term B. Let us recall that, for any g € W(R), any h € R, there holds
[ lota )= g@do < 119l (422)
R

Since
1

N
using (4.22) with g(-) = G(t — s,-) and h = 6 — 02, and changing variables y = 05 — 1, we obtain

n
aUG(Tv 7]) = _EG(T’ 77)7 ||6T]G(Tv ')HLI(R) =

61— 0
[ 161~ Galan < 161~ 021 10,6t — 5.2y = S22
R m(t—s)
With [|Hy || Lo (0,1)xr) < Cx from (4.21)),
¢ ds 20 20
B<C,|6—6 /7:—*\/29 — 0y < =EVT 6, — 6,].
~ | 1 2‘ 0 m ﬁ | 1 2| ﬁ ‘ 1 2|
Finally, for all ¢t € [0,T] and 61,02 € R,
5 . 20,
[ (£, 01) — un(t,02)] < [uo)cosqm 01 — 0217 + ﬁ\/ﬂel—aﬂ.
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Thus, (uy) is uniformly equicontinuous in 6 on [0, 7] x R. The above formula also gives the spatial

Holder control
‘un(tv 01) B un(tv 62)|
sup

t€[0,7T7, 01,02€R |91 - 92|B
0<‘01702|§1

< C, (4.23)

for some constant C? independent of n.

Equicontinuity int. Fix 0 < s <t <T and § € R and set h :=t — s. Writing

un(t,0) = (G(h) * up(s // (t—7,0 —n) Hy(7,n) dndr, (4.24)

we get
|’U,n(t,9) 7un(530)| g Il +I27

with
I ::/G(h,n)’un(s,ﬁfn)fun(s,ﬁ)‘dn, I 7/ |Hp (7, )| Lo dT.
R

We split the integral I into {|n| < 1} and {|n| > 1} and write, with obvious notations, I; =
Il,small + Il,tail~ USiI’lg " we get

Lawar <C. [ Gl nlf dn < C" / Gy ) [n|® d.

[n|<1

Moreover,

772
e || dn =

1 1 2
G(h,n)|n?d :7/ 72\/55“/ VP d
/R (hym) [n|” dn ) Twh( ) e |y[” dy

_ %2%%(2 /;Oc e yP dy) fr(ﬁ;rl) h%. (4.25)

Hence I1 sman < C, hg for some constant C’, which does not depend on n (we do not change the
constant name for simplicity). For the tail, use the estimate of Step 1, ||u, ||~ < & and (4.25)):

B+1\ s
I,aﬂgzn/ Ghndn<2m/nﬂGhndnf2—F he.
Lt G PG ) dn = 20 1(=5 =)

Thus, in all cases,
I, <CLh%.

Using || Hp || 1o (0,77xr) < Cx, we readily get Ir < C,|t — s|. Finally, for all 5,z € [0,7] and 0 € R,
[un (t,0) —un(s,0)] < I + Iy < CLt — 5|2 + C, |t — s].
Thus, for each R > 0, (u,,) is equicontinuous and uniformly bounded on each compact strip

Kg:=[0,T] x [-R, R].
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Step 3: Arzela-Ascoli and diagonal extraction. By Arzela-Ascoli, for each R there exists a
subsequence (not relabeled) converging uniformly on K. A diagonal argument provides a single
subsequence (still denoted u,) and a limit u € C°([0, 7] x R) such that

Uy, — u uniformly on K for every R > 0.

Step 4: Global uniform convergence via Gaussian tails. The envelope (4.20) passes to the
limit, hence 0 < u(t,d) < ke on [0,T] x R. Given £ > 0, pick R so large that 2xke 7R* < £/2.
Then, for n large enough,

sup |un, —u| <sup|u, —ul+ sup (u, +u) <e/2+ 2e 1 <.
[0.T]xR Kr 10]>R

Thus u,, — w uniformly on [0,7] x R.

Step 5: Passage to the limit in the equation. Uniform convergence implies f(u,) — f(u)
uniformly. Moreover, by the Gaussian bound u, — u in L'(R) uniformly in ¢ € [0,7], hence
Pu, (t) = [aun(t,0)d0 — py(t) uniformly in ¢. In the formula (£.19), the integrands are uni-
formly bounded by an integrable function (heat kernel times the Gaussian envelope), so dominated
convergence yields, for each (¢,6) € (0,T] x R,

u(t,0) = G(t) * ug(0) + /0 /]R G(t—s,0—n) (r(n)u — pu(8)u — f(u)) (s,n) dnds. (4.26)

By classical parabolic regularity (e.g., [8, Chapterl, Theorem 12]) applied to (4.26), v € X7 and
solves
Oru — Oggu = 1(0)u — pyu(t)u — f(u) on (0,T] x R, u(0,0) = up(0).

Step 6: Uniqueness and conclusion. By Proposition the solution in X7 is unique; hence
the whole sequence (u,) converges to u on [0,7] x R (not only a subsequence). Since T' > 0 was
arbitrary, u € X, is the unique global solution of (1.1]). This completes the proof. O

5 Persistence vs. extinction

5.1 Extinction for small data

Proof of Proposition[2.1} For o > 0, recall that we denote u° the solution to (1.1 starting from
ug. From the assumptions in (1.8]), and with € as in (2.1), we may select o, > 0 small enough so

Tma
e"max

that, for any 0 < 0 < o4, ﬁpgg < e. From now, we assume 0 < o < 0. Since
atu(7 < 8097//0 + Tmaxuaa

it follows from the standard parabolic comparison principle that

Tmaxt Tmax?
W (t,0) < et (G, )+ ul) () < eﬁuuguy = eﬁpgm Vt>0,Y0 € R,

and, in particular,
u’(1,0) <e, VOeR.
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Now, consider the solution U = U(¢,6) to the Cauchy problem

AU = 89U + e U — f(U),  t>0,0€R,
U(0,0) =e, 0 € R.

From the standard parabolic comparison principle, there holds u?(1 +¢,0) < U(t,0) for all t > 0,
all § € R. Moreover, U does not depend on 6, and, from U(0) < e and since f(0) = 0 and
TmaxS — f(8) < 0 for all s € (0,¢], we have U(t) — 0 as t — +oo. Hence u°(t,-) — 0 in L>°(R), as
t — +o00, which concludes the proof. O
5.2 Extinction for large data
Proof of Theorem[2.3 Integrating equation (L.1]) over § € R, we get

+o0

put) = [ et 0@ - i - [ o)
— 00

Since r is bounded from below, say by some 7., and f is Cr;,-Lipschitz continuous, we get

o (t) > (rmin — CLip)pu(t) — p5(t) = —Kpy(t) — pii(t),

with K := CLip —min(0, ryin) > 0. From the comparison principle for ODEs, we have p, (t) > p(t)
for all £ > 0, where p is the solution to the Cauchy problem

p(t)=—Kp(t) = p*(t), p(0) = pu(0)=:pj, (5.1)

which is explicitly computable so that

P :(H%)em_l, vt > 0. (5.2)

Now, consider the solution @ = (¢, #) to the Cauchy problem

{atu = OpoU + rmax @ — p(t) W, >0, 0 €R, (5.3)

u(0,0) = M, 0 € R,

with M coming from hypothesis on the family of initial conditions (u§),>0. Then the solution
u? to with initial condition u§ is a subsolution of , and the standard parabolic comparison
principle implies u?(t,0) < u(t, ) for all ¢ > 0, all § € R. Moreover, @ does not depend on 6, and
is explicitly given by

t
M Tmax
= M exp | Tmaxt — s)ds | = € .
14 Q
0 14 22 (1 — e KY)

Coming back to the assumptions in (L.8) on the family (u§),>0, we have pd, = |[ug|| 1 — 400
as ¢ — +oo. Thus, we can define ¥ > 0 such that, for all 0 > %, p% > ry.c. We note that

26



u(0) = M, u(+00) = +00 and, if ¢ > %, from the equation (5.3), @ reaches a unique minimum at
t* =t} such that p(t*) = rmax, where

t* = 11n<p02"rma)(+p’lol«0K ) )
K Prue Tmax + T'max K
and . e
at)y = M <""“5X+> <”“> 0, aso— +oo. (5.4)
Puyc + K Tmax

Thus, we can define o* > ¥ such that, for all ¢ > o*, u(t*) < &, with e defined as in (2.1)).
Let us now define the solution U = U(t, ) to the Cauchy problem

{atU699U+rmafo(U), t>t", 0cR, 55)

U(t*,0) = a(t"), fcR.

From the above, for o > ¢*, u” is a subsolution of , and the standard parabolic comparison
principle implies u?(t,8) < U(t,0) for all t > ¢*, 6 € R. Moreover, U does not depend on 6, and,
from w(t*) < ¢ and since f(0) = 0 and rpmaxs — f(s) < 0 for all s € (0,¢], we have U(t) — 0 as
t — 4o00. Hence u?(¢,-) — 0 in L*°(R), as t — 400, which concludes the proof. O

Remark 5.1. From the above proof, we may provide (at least when r is bounded from below) a
sufficient condition, relating the L> and L' norms of a given initial datum wg, for extinction.
Indeed, in light of (5.4)), it is sufficient to have

Tmax
K

Tmax 1+
T R z+ K
Juoll= < ealunller), o) = (722) 7 (ZEEN T and uolles >

We note in particular that, for some C' = C(K,Tmax) > 0, g(z) ~ Cx as x — +o0.

5.3 Survival may occur

Before proving Theorem [2.3] we start with some preparation. We denote u = u(t, z) the solution to
(1.1) starting from some “admissible” wug. If the fitness function is negative outside some interval,
then the solution is expected to have an exponential decay as § — 4oo. Precisely, the following
holds.

Lemma 5.1. Assume there are R > 0 and r > 0 such that r(0) < —r for all |6] > R.
If there is M > 0 such that

uo(0) < u(f) := Mexp(—/r(l0] — R)), VI0| > R, and wu(t,R) <M, Vt>0,

then
u(t,6) < a(0) = Mexp (—/i(16] — R)), ¥t > 0,%60] > R.
Proof. Tt is enough to work on (R, +00). The function @ = @(#) is obviously the (constant in time)
solution of the parabolic problem (with Dirichlet boundary conditions)
Oyv = Jgov — T, t>0,0¢€(R,+00),
v(t,R) = M, t >0,
v(0,0) = u(h), 8 € (R,+00).
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From the assumptions, u is a sub-solution of the above problem and the conclusion follows from
the standard parabolic comparison principle. O

Next, under some symmetry assumptions, we have the following.

Lemma 5.2. Assume both the fitness function r and the initial datum ug are radially nonincreasing.
Then, for allt > 0, u(t,-) is radially nonincreasing and, for allt >0, all 0 # 0,

u(t,8) < g(|t)|’ (5.6)
and 1
u(t,0) < —— max(puy, "max)- (5.7)

216|
Proof. Since (t,0) — u(t, —0) solves the same Cauchy problem, we have, by uniqueness, that, for
any t > 0, u(t,-) is radial. By differentiating the equation (1.1)) and denoting v(t, 8) := dyu(t, 0),
we have

Opv = Ogov + 1" (0)u + r(0)v — vpu(t) — vf'(u).

Since u(t, -) is radial we have v(t,0) = 0, and since ' < 0 on (0, +00) we have

O < Dgov +v(r(0) — pult) — f'(u)),  £>0,0€(0,+00),
v(t,0) =0, t>0,
v(0,60) <0, 6 € (0,400).

From the standard parabolic principle we deduce v(t,6) < 0 for all ¢ > 0, § € (0,+00), and
thus, for all ¢ > 0, u(t,-) is radially decreasing. Knowing this, we deduce that, for any 6 € R,
p(t) > f10||9| u(t,0)dd" > 2|0|u(t, ), that is from which immediately follows using the
upper bound on p of Proposition 4.4 O

We are now in the position to complete the proof of Theorem [2.3

Proof of Theorem [2.3. Let us consider a radially nonincreasing initial datum ug € C2(R, [0, +00))
with 0 < pu, < Tmax. This initial mass being fixed, we plan to construct an ad hoc example allowing
survival.

To do so we consider radially nonincreasing fitness functions r = r, such that

= Pax — a292 Vo e (— V2Tmax  V2Tmax

r(0) ’ o

[e3
V2 V2
Z Pmax — a292’ Yo ¢ _ ':;max’ ?;max

)

(5.8)

)

for any 0 < v < 1 (which will be related to e measuring the Allee effect later). Without loss of
generality we may assume

supp ug C (—\/QTmasz_l, \/2rmaxa_1). (5.9)

In the sequel we denote by ¢; (¢ = 1,...) various positive constants that depend only on ry.x but
we keep evident the crucial dependence on a.
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From (5.7), we get u(t, ¥=rmax 22“‘“‘) < cia. Since, for all 9 > VQ”“‘“X, r(f) < r(YEmax) — _p o we
can use these two bounds and Lemma [5.1] n thanks to , to get

C2 \/m C2
< _ I —— > > — = = .
ult, 0) < claexp( o (0 - )) L vz 0w > Y - (5.10)
Integrating equation (|1.1)) over 8 € R, recall that we get
+oo
put) = [ et 0@ - i - [ o) (5.11)
—o0

To estimate the second integral term in ([5.11]), we write

+oo +oo z +oo
/ f(u(t,e))d9=2/0 f(u(t,@))d9=2/0 f(u(t,@))d&—&—Q/c Flult, 0)) b,

o c2
P

2 oo +oo
< %mw'nm/ u(t, 0) do.
(67 c2
Since ((5.10]) provides
+oo “+oo
C2 C1
< - _— =
/L2 u(t,0) df < /L2 clozexp( v/ Tmax (9 a)) df rmaxoz, (5.12)
we end up with
“+o00
[ sty ao < 2= oy (.13

To estimate the first integral term in (5.11]), we write

400 +oo 2 +oo
/ r(0)u(t, 0) df = 2 /0 r(0)u(t, 0)d0 = 2 /0 r(6)u(t, 0) d6 + 2 / r(0)u(t, 0) do.

£2
—00 =

Since both r and wu(t,-) are nonincreasing, we can use the Chebyshev integral inequality to get

(recall that ca = v/2rmaz)

€2 €2 c2

/0? r(8)u(t, ) do > % (/0 r(6) d0> (/O
_ % (rmaxi: - O‘; (2)3> (”“2(” - /m u(t,o)da>
— érmax <p“2(t) - /m u(t,@)d9>

a

> T“g‘" pult) — csa, (5.14)

where we used the bound (5.12)). Since (5.10) provides (note that r < 0 in (£2,400))

/C:_Oo r(0)u(t,0)dd > Cla/cz-oo (rmax - a292) exp (—\/@ (9 - %)) do

u(t,0) d0>

=c1a ((Tmaz — 3)lo — 2coady — o*1h) > —ceax
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up to reducing « if necessary (and where I, := f0+°° ZFe=VTmarZdy). We end up with

+oo
/ r(@)u(t,0) df > c7py(t) — csa. (5.15)

— 00

Hence, inserting ([5.13) and (5.15)) into (5.11)), we reach

Pu(t) Z crpu(t) — pu(t)” — ac, (5.16)

where

c
ae = cgx + cql| f|| Lo + %.

Here f = f. as in Assumption [2.4] so that || f/||r~ = O(1) and || f.| z~ = O(e) as € — 0. Choosing
now a = ¥ with 0 < v < 1 (or & = Ae with A > 0 sufficiently large, see Remark [2.1), we get
as - 0ase— 0.

Set

. Pug C7)
m := min ,— | > 0.
(55
Since c;m — m? > 0, there is g > 0 such that, for any 0 < € < &g,

a. < crm — m2.

Since moreover p,(0) = py, > m, the constant function m is a subsolution of the differential
inequality ([5.16)), and the comparison principle for ODEs yields

pu(t) > m, V¢ > 0.

On the other hand, using (5.12) together with the symmetry of u (Lemma [5.2)), we obtain

/ u(t,0)do < a, vt > 0.
|6]><2 T'max

Up to reducing ¢ further, we may assume that

2c1 m
2

Hence, for all £ > 0,

c2

/" u(t,0) do = pu(t) —/ u(t,0)do > 2.
—% 61> 2 2
and thus u(t, ) does not converge uniformly to 0 as t — +o0o0. This concludes the proof. O

5.4 Survival for large selection

In this subsection, we let Assumption hold. We will note u the solution to the problem
where the fitness function 7 has the quadratic form 7(6) = rpax — 262, with 1 < rpax < a? < 2rpax.
The solution u will solely depend on rp,,x, @, the initial datum wug, and the Allee effect f, the crucial
scaling parameter being 7,4, (see Assumption [2.5). We will also note Cy, Cs, Cs, ... positive
constants which do not depend on any of the parameters.
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We will show that, as we take a large rmax and after a short time elapses, we can make (¢, 6)
as large as necessary in the range 6 € [—B‘/%i, %] and as small as necessary outside of it.
From there, we can apply the same arguments presented in the proof of Theorem to show that
u must persist.

We start with a simple bound of u over a finite time interval which depends on «.

420%)

Lemma 5.3. For all e R and 0 <t < the solution u satisfies: u(t,0) < 2rpaxe!(Tmax—

3a ’
Proof. We let u(t,0) := 2rmaxet(rmf%(’ ) for all (t,0) € [0, 7] x R, and we can verify that

3a?2 3ta?
%(1+3t2a2)92+ 2a a,

ata - aeeﬂ = [Tmax —

over (0, =% 35] X R. Since 0 < t < 3a we have 1 + 3t%a? < %, and thus 9yt — Ogeti > (Tmax — @260?)1.
Note as well that @(0,0) = 2ryax Z uo (@) for all § € R. Applying the comparison principle, we get
u(t,0) < u(t,0) for all (t,6) € [0, 4] x R. 0

Next, we show that, after a short time, the integrals of u(t,8) and r(8)u(t, ) outside the range

- 3m : gm ] go vanishingly small as rpax grows larger.

Proposition 5.1. The solution u verifies:

lim / w(t,0)d0 =  lim / r(0)u(t, 0)d6 = 0,
Tmax —>+00 3vTmax T'max —>+00 3y/Tmax
o1 87 o1 87

uniformly w.r.t. all parameters and t > 3L

Proof. Let us first bound p, from above. Since we assume o > 1, we have ﬁ < i When

0<t< ﬁ, we can integrate the inequality of Lemma with respect to 6, and get p,(t) <

3ta? —
tion. We may suppose C7 > 1. For t > 3%[2, we apply Proposition (with ﬁ as the initial time
and M{ = C17rmax), giving us p, () < max(Cirmax;, "max) = C17max for all ¢ > ﬁ
We then prove a global bound on u by applying arguments found in the proof of Proposition
First, define u(t,0) := 2ryaxe™ ==t the solution to the equation d;u — dggi = Traxil, Which
verifies @(0,0) = 2rmax > uo(#). u is a subsolution of this equation, and so u < 4 according to

O max€ 302 4/ AT < Oy 2’\“/% by using the inequality “23= < 1 from the assumptions of this subsec-

2Tmax

the comparison principle. When 0 < ¢ < 322, we thus have u(t,0) < 2rpaxe 302 < C’grmax for
all € R, usmg the assumptlon rmax < @?. For t > we apply Lemma (with 7 = to

3(12 ’ 3042 )
get u(t + 5 z.0) <e Ga¥ \/ pu ) < Cg’f'max for all t > 5~ =15, thanks to our bound on p, and the

assumption rmax < a2 < 2rmax Puttlng our two estimates of u together, we have:

u(t,0) < max(Cormax, Car/2) < Cyrd/2 (5.17)

max’

for all (t,0) € [0,400) x R, since we Suppose Tmax > 1.

Now, we consider ¢ = = and [§] > |/%=g=. For those ¢, Lemma provides u(z-,0) <

2
2T max exp(gia(rmax — 3%9 )) so that

u <3Oé,0> < 27max €Xp (\/ (0 302 >) )

31




after straightforward computations using the concavity of 6 +— 3% (rmaz — 3%202) . Up to increasing

Tmaz if Necessary, we deduce that

1 3/2 [ Tmax /4Tmax
u <3a70> < C(4"4111/ax exp <_ T <|9| - 302 )) .

Hence, recalling (5.17), we apply Lemma with ¢ = i as initial time, R = Ll‘;a", chosen
slightly beyond the threshold 4;2;" so as to simplify the subsequent estimates, r = ryax/3, and
M = Cyri/2. This yields

max 5\/ max 1 5 max
u(t,0) < C’4r§1/a2xexp (—1/7‘3 <9| — 47’a )) , Vt>—, Vg >~ " .

4o

1
3a?

+0o0 S —
/ u(t,8)df < 2047‘21/;(/ exp <— [max (9 - dex)) do
o1z 2455 N fa

Tmax —Cor ST
< CsTmax €Xp (— ) < Cge™ 77V Imax,
B 4\/3@

since 1 < Trae < @? < 27,,4.. This proves the first result of the proposition. Similarly, for any
t> L

- 3a?

oo 5y/Tmax
<9 3/2 / . 2,2 _[Tmax . max
/|9>ﬁ PO)u(t0)1d0 < 203 [ (st o8 exp (=75 (0= 22 ) o

__ Tmax 13
= 20 e #3a (6vV30% 4+ Irmaxer + Z\/gr?nax) < Cge™Cov/Tmax,

As a result, for any t >

using the assumptions 1 < rpa.x < o2 < 2rp.x and the boundedness of ze VT 23/2¢=VT  and
x2e~V? for x > 0. Hence, we get the second result of the proposition. O

We now prove that, at the small time ¢t = ﬁ, p grows arbitrarily large as 7y,.x grows larger.

Proposition 5.2. The mass p, = pu(t) of the solution u verifies

1
li — | =
Fman oo (3a> oo,
uniformly w.r.t. all parameters.

Proof. As shown in the proof of Propositi we have p,(t) < Cl%\/ﬁé‘ft for all t € (0, 325 with

Cy > 1. Integrating the main equation (1.1) with respect to 6, we get the inequality p!,(t) <
TmaxPu(t) — pu(t)? for all t > 0. We define the function p(t) := Linies which

lf(lfcil) exp(frmax(tfﬁ))’

verifies p(5iz) = Cimax > pu(5ez), and §' () = rmaxp(t) — p(t)? for all t > 713, and thus p,(t) <

3a2)
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p(t) for all t > by the comparison principle. We can write, for ¢ >

3042 3a2

) 1

p(t) = Tmax — Tmax <1 1 (1— C%)QXP( Tmax(t 312))>
(1 CL) exp(—rmax(t — 327))

1—(1— Cil) exp(—Tmax (t — 3(112 )

(1— C%) exp(—Tmax(t — 522))

= Tmax T Tmax

max(t— 50z
< Tmax + Tmax = Tmax + (Cl — 1)7"maxe " ( 3a2 )

1—-(1 - c%)
Thus, defining the following continuous function
if0<t< 5,
pi(t) := a\/ﬁ P ¢ 3a2
Tmax + (Cl - l)rmaxe max 3a2 ift > 042’

we have p1(t) > p,(t) for all ¢ > 0. We also note that p; > rpax since C7 > 1.
1
We now estimate the term fot p1(s)ds. We may assume t > 31z Obviously Jo&o7 pr(s)ds =
Cy%mgx < (4, and ftL2 p1(8)ds = rmax(t — 50z) + (C1 — 1)(1 —e —Tmax (= 507 52)) < it + C1 — 1 50
3a
that

t 3(%2 t
/ p1(8)ds = / p1(s)ds +/ p1(8)ds < rmaxt + Cho. (5.18)
0 0

1

3a2

We can now prove the bound from below we are seeking. Define, for all (¢,0) € (0, +o00) x R:

(t,0) = Tanax 0XD <m / Cpu()ds —a(t + Z)) .

Obviously di(t,0) = (rmax — p1(t) — @)a(t,0) and dpetu(t,0) = (—a + a20?)i(t,0), and thus
Oyu(t, 0)—0petu(t,0) = (Tmax —a26% — py (t)) @(t,0). Since p1 > Timax, We have rya—a02—p1(t) <0
for all (t,6) € (0,+00) x R. Therefore, defining the function u(t, ) := @(t,0) — rmaxe™ 5 — 27maxt,
we get the inequality:

atﬂ(t 9) - 890@@7 9) = (Tmax « 92 - pl t ) ( t + rmaxe_% + 2’rmaxt) - 2Tmax
Q

§ (rmax - Oé - pl t ) a 27’max-

Note that u(t, 3) = u(t,—3) < 0 for all t > 0, and u(0, ) < ryax. Moreover, since 11l oo (10, 400)) <
2rmax (see Assumptlon, one has r(0)u — py, (t)u— f(u) > (Fmax — 202 — p1(t))u — 2rmayx S0 that

O — Ogott > (Tmax — @20% — p1 (1)U — 27max,  (t,0) € (0, +00) x (_%’ %)’
u(t,£1/2) >0, t>0,
1(0,0) = uo(0) > rmax, 0e [—%, %]

From the comparison principle, we thus get u(¢,6) > w(t,0) for all (¢,0) € [0, +oo) [—1/2,1/2].
Integrating with respect to 6, we have the inequality p, (t) > f 12U u(t,0)do > f 12U u(t,0)dd. Note
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that

1/2 o2 +o0 w2 +o0 o2
/ e 29 q0 :/ e 297 d0 — 2/ e 207 qp
_1/2 —00 1/2
“+o0

WV,
[\
NI
|
[\
S
~
[\v]
2
|
S
>
|
[\
° [y
|
YIS
ml
oolQ

where we used the fact that 62 > 0 — % for all 8 € R. Therefore, from the definition of 4, we have

1/2 ¢ [or 4 _. o
/ u(t, 0)dd > rmaxerm"*xt*fo p1(s)ds—to UL Pmax€ 8 — 2Tmaxt.
,1/2 « (0%

Using the estimate lj of p; we found above, we have, at t = % > 3%2:

1/2
/ <1 0) d& Z TmaxBiClOié 2i - 4Tmax 67% - lrmaxei% - 2Tmax
1/2 «Q o «a 3

—-C _1 3/4 _ VTmax
\[71’6 1073 Tm/ax - 4\/ Tmax — Tmax€ 8 Y T'max
4
> Cllrm/ax C'12 V T'max

where, to simplify the estimate, we used the assumption 1 < rmax < a® < 2rmae and the inequality

—2 <1 for all x > 0. We thus have pu( ) > C117"m/ax — C12+/Tmax, giving us the desired limit as
rmax _> +OO D

We can now move on to the proof of Theorem

Proof of Theore. Let Assumption 2.5 hold. In the sequel, we will only consider o > 1. Thanks

to Proposition |5.1) we also suppose Tmax is large enough so that f‘9|>3m u(t,0)dd < 1 and
= 2

f|9‘>3m r(0)u(t,0)df| < 1 for all t > 5. We note that, as seen in Lemma the fact that the
= 2a
initial condition u§ of Assumption [2.5 is radially nonincreasing implies the corresponding solution

u? is itself radially nonincreasing. Integrating the main equation (1.1f) with respect to 8, we get
+oo +oo
ety = [ 1O (6008 — pur 07 — [ Fu(0,0))db (5.19)

“r(@)u (t9d9>f wm r(0)u(t,0)dd — 1 for

Thanks to the above inequalities, we can write f -

all t > 5~. Since r and u?(t,-) are both radially nonincreasing, we can apply Chebyshev’s integral
1nequahty to get:

3vTmax 3v/Tmax

3/Tinax
2a > 2o _ 219 o -
/_w;mT r(@)u’ (t,0)do > Sm </ s (Pmax — a®0 )d9> (/_3 o U (t,@)d@)

T‘max Tmax
= o (t) — 7 > o (t) —
4 (pu (t) /9> 3 eSS u (tv 9)d9> =7y (pu (t> 1)v
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which yields fj:oo r(0)u (t,0)df > “=ex(p,o (t) — 1) — 1 for all t > --. For the last term in (5.19)),
we use Assumption 2.5 to write

3vTmax

+oo 2a
| seewona= [ peonas+ [ F(u7 (t,0))d8

|6]> 2 pmax
< 3\/ rmax
- o

v/ T'max
S 6rmax
(%

Tl oo 0. 200n + 11 oo Oo/ u’ (t,0)do
1l Loe j0,400)) F 11 Lo ([0,4-00)) o1 ST (t,0)

= 2a

+ 2rmax < 8Tmax;
for all t > 3% Putting all our estimates together into (5.19)), we have

Tm X
Plue (8) 2 =7 (pus (£) = 33) = pus (8)” — 1,

for all ¢ > 5-. We note that P(p) := max(p — 33) — p*> — 1 satisfies P(34) = "max — 1157. Thus,
for rmax large enough, P(34) > 0. Using Proposition we may also assume that p,e (3%) > 34.
Therefore, by the comparison principle for ODEs, we obtain

1
ue t) > 34, Vt 2 —_—.
Pue () > e
Since )
/ w(t,0)do <1, V> —,
012 23 3a

it follows that
3/Tmax 1

« o _ . _ o > >
[mu (t.6)d8 = puo (1) /9|>w;;m“ (1,0)d6 >33, V> o

2

Therefore, u?(t,-) does not converge uniformly to 0 as ¢ — +oo. This concludes the proof. O

5.5 Existence of two stationary states

Proof of Theorem[2.5. Recall that the fitness function is here assumed constant 7(6) = r. Let
A€ [0,7) and set

gr(s) :i= (A =r)s+ f(s) and Gy (v) := / ga(s)ds.
0
We show that there exists a unique ) > 0 such that
Ga(ay) = 0. (5.20)

Assumption on f imply that there is a unique sy € [e,2¢) such that gx(s) > 0 for s € (0, sy)
and gx(s) < 0 for s > sy. Thus the function G is increasing in (0, s)) and decreasing in (sy,2¢).
Moreover, we have G(0) = 0 and, from the left inequality in , Gx(2¢) > 0. Additionally,
GA(v) = Gx(2¢€) + 257 (v? — 4€%) — —00 as v — +oo. Finally, this shows that ay is uniquely
defined by , and that a) > 2e. Moreover,

(r—x)-—== f(s)ds, (5.21)



thus A — « is increasing in [0,7) and
ay — +oo as A —r. (5.22)

The Cauchy-Lipschitz theorem provides the existence and uniqueness of the maximal solution
px to the ODE Cauchy problem

{pxw) = r(p2), 6> 0 o~
pA(0) = a and p)\ (0) = 0.
Moreover, since o) > 2¢, by continuity, we can define
0o := sup{f s.t. py > 2¢in (0,0)} > 0.

In the interval 6 € [0,6¢], f(pr(#)) = 0 and

pa(0) = ax cos(6v/r — X), for all @ € [0, 6] (5.24)
Thus, we have
and

/090 pr(0) df = %. (5.26)

The solution py of (5.23)) satisfies p}(6) = gx(pr(#)). Multiplying this equation by p) and
integrating over (0,6) we get

0
()2(0) — (#))2(0) = 2 / P ()92 (2 (2) d. (5.27)

We already know that py is decreasing in (0, 6p], with p’(6y) < 0 (from (5.24) and the definition of
6o). We now define
61 := sup{ > 0y s.t. p) < 0in [0y, 0)}.

By continuity of p/,, we have 6; > 6.
Using (5.27) together with p) (0) = 0, for 6 € (0, 64]:

(p4)?(0) = 2G(pa(0)) — 2GA(pA(0))
=2G(pA(0)) — 2G(an)
= 2G(pa(9)),

from the definition (5.20)) of «x. Thus, Gx(pA(#)) > 0 in (0,6;) and we have
=V2GA(pA(9)), 0 € (60, 01],
pa(Bo) = 2¢.

Assume that 6, is finite. By continuity of p), we get p)(61) = 0 and therefore G (pr(01)) =
We recall that the function G is positive in (0,2¢] and G»(0) = 0. Thus necessarily px(01) =

(5.28)
0.
0.
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Moreover, the regularity assumptions on f imply that g, is globally K —Lipschitz continuous, for
02
some K > 0. Thus, Gy(v) = / A(s)ds < K , which implies that /G is locally Lipschitz

0
continuous at 0. Cauchy-Lipschitz theorem then contradicts px(61) = 0 (thus, §; = +o0) and
implies that px > 0 in (6p, +00).
Let us find an upper bound for py. We note that
A s?

Ga(s) = -5 T Go(s).

As already noted at the beginning of the proof, Gp > 0 in (0,2¢), thus, in this interval,
A

5
Since p) (0) < 0 in (0,+00), pa(#) < 2¢ for all 6 € (0y, +00), and using (5.28)) together with (5.29),
we get:

Ga(s) > (5.29)

PA(B) < —VApa(8), 8 € (6o, +00), (5.30)
pa(Bg) = 2e.
Therefore,
pa(f) < 2ee VMO0 for 6 > 6. (5.31)
Finally, using and ( -7 we get
a/\ — 462 Hoo a3 —4e2  2e (5.32)
voN '

Let us extend the function py to R by setting px(6) = pa(—0) for all § < 0. We readily check
that py € C?(R). Moreover, setting

+oo
j: (0,7r) = R, )\t—>/ (0)do — A,

we get that py is a nontrivial stationary solution of our main problem if and only if j(\) = 0. By
the continuous dependence of py on the parameter A (via the Cauchy-Lipschitz theorem), together
with the exponential decay , the continuity of j in (0,r) follows by dominated convergence.
Using together with the properties ay > 2¢ for all A € [0,7) and (5.22), we note that

lim j(A) > 0 and lim j(\) = +o0. (5.33)
A—0 A—r
Let us define
o? —4e?2 4e
E()) =2 4L——~+—— A>5(N). (5.34)
\/>
From (5.21)), we deduce:
2fy f
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and therefore,

2e 4
2
! —\gg /2, (5.36)

k(r/2) <0< < — 4+ 2% —

(r/2) AT
Thus, (5.36) gives a sufficient condition for the existence of at least two zeroes 0 < Ay < 7/2 < Ay < 7
of the function j, corresponding to the existence of two stationary solutions py, and py, of (1.1f).
Since A — ay is increasing in [0,7) and using (5.23]), the comparison principle for ODEs implies
that px, < pa,- O
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