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Abstract

This paper is mainly concerned with the large-time dynamics of bounded nonnegative
solutions of reaction-diffusion equations on the real line with nonlinearities mainly
of the bistable-type. We first consider initial data of the type a1, namely scalar
multiples of indicator functions of intervals I. For each amplitude «, the existence of
a threshold length L*(«) separating the extinction and the persistence of the solutions
at large time is known. We here address the question as to whether the limit of the
threshold sizes L*(«) as a — 400 is positive or zero. We provide sufficient conditions
under which this limit is positive, and others under which it is zero. Secondly, when
the limit is positive, we show that some fragmented initial data, which are equally
distributed as a1, give rise to solutions persisting at large time, whereas the solutions
emanating from «a 17 go to extinction at large time. This result shows an unexpected
favourable effect of the fragmentation of the initial datum on the large-time dynamics.
Last, we consider the mass concentration principle for parabolic equations, which
states that nonnegative solutions can be controlled from above in an integral sense by
the solutions emanating from the Schwarz symmetrically decreasing rearrangements of
the initial data. Since the pioneering results of [Bandle, 1976] and [Alvino, Trombetti,
Lions, 1990], this principle is known to hold in bounded domains with Dirichlet
boundary conditions under different types of assumptions of the coefficients of the
equation. We show that this mass concentration principle is not valid in general, even
for simple equations of the type dyu = Oppu + f(u).

Keywords: Reaction-diffusion equations; Cauchy problem; large-time dynamics; thresh-
old; fragmentation; symmetrization.

Mathematics Subject Classification: 35B40, 35B51, 35K15, 35K57.

Contents

1 Introduction and main results
1.1 Large-amplitude asymptotics . . . . . . . . . .. . ... L.
1.2 A favourable effect of fragmentation . . . . . . .. ... ...
1.3 Two counter-examples to the mass concentration principle . . . . . . . ..

© =N



2 Preliminary estimates 12

3 Proofs of the main results 16
3.1 Conditions ensuring L., > 0: proof of Theorem 1.4 . . . . . ... ... .. 16
3.2 Conditions ensuring L., = 0: proof of Theorem 1.5 . . . . . . ... .. .. 18
3.3 Fragmentation results: proofs of Theorem 1.6 and Corollary 1.7 . . . . . . 21
3.4 Two counter-examples to the mass concentration principle: proofs of Theo-

rems 1.8and 1.9. . . . . . ... 25

1 Introduction and main results

This paper is concerned with some questions related to the large-time behaviour of solutions
of the one-dimensional reaction-diffusion equation

{Gtuzamujtf(u), t>0, xreR, (1)

u(0,z) = up(x), z € R,

where the initial datum wy € L*(R) is nonnegative. Throughout the paper, we assume
that the nonlinearity f : R, — R is locally Lipschitz continuous and differentiable at 0.
Furthermore, in most results, f is bistable with positive mass over [0, 1], namely there exists
6 € (0,1) such that

f(0)=f(9)=f(1)=0, f'(0) <0
) <0 forse(0,6), f(s)>0 forse(0,1),

/f )ds >0,

f(s) <0 fors>1. (1.3)

The solution u = u(t, z) of (1.1) is then the unique bounded nonnegative function defined
n (0,400) x R such that u(t,-) — ug as t — 07 in L} _(R). Furthermore, from standard
parabolic regularity and the maximum principle, u is a classical solution in (0, 400) x R,
u(t,z) > 0 for all £ > 0 and x € R provided that ||ug||re®) > 0, and ||u(t, )| rem@) <
max (||t || o (r), 1) for all ¢ > 0.

In this paper, we address the following question: how does the fate of the solution
depend on its initial datum uy? More precisely, we are interested in the threshold between
the convergence of u(t,-) to 0 as t — +oo and the convergence to a positive steady state,
in terms of the amplitude of uy and of the size and fragmentation of its support.

We first consider compactly supported initial data of the form

and

a ifxe(—-L/2,L/2),

0 ifzeR\ (=L/2,L/2), (14)

up(z) = uk(0,2) = al(_rjr1(r) = {

for @ > 0 and L > 0, and we write ul the corresponding solution of (1.1). It follows
from (1.2) and the maximum principle that, if o € (0,6], then ul(¢,-) — 0 as t - +o0
uniformly in R. The sharp-threshold result of Zlatos [40] implies that, for every o € (0, 1],
there exists a critical length L*(a) € (0, +00) separating extinction and propagation.
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Theorem 1.1 (Zlatos [40]). Assume that ug is given by (1.4) and that f satisfies (1.2).
For every a € (0, 1], there exists L*(«) € (0,400) such that

0 uniformly in R if 0< L< L*(«) (“extinction”),
tligl uk(t,-)=< p uniformly in R if L=L*(a) (“cv. to ground state”), (1.5)
—400

1 locally uniformly in R if L>L*(«) (“propagation”),
where p is the positive symmetrically decreasing solution of
P+ f(p)=0inR, p(0)=46, p'(0)=0, p'(x) <0 forxz >0, p(tooc)=0, (1.6)

with 0* € (0,1) determined by
0*

f(s)ds =0.
0

The ground state p therefore acts as a transition between extinction and propagation
regimes. For general results on the existence of such ground state solutions p for elliptic
equations in any spatial dimension, we refer e.g. to the seminal paper [12].

Theorem 1.1 has been extended in [16] to general increasing families of compactly
supported initial data. Let

X, = {gb € L(R): ¢ >0, ¢ is compactly supported}.
Consider a family {@y}r>0 C X, satisfying

$x € X4 for all A >0, and X — ¢, is continuous from R, to L'(R),
0< A <Ay — ¢>\1 < (ﬁ)\2 in R and "(]5)\2 — ¢)\1HLoc(R) > 0, (17)
¢ =0 a.e. in R.

Theorem 1.2 (Du, Matano [16]). Assume that f satisfies (1.2)-(1.3). Let {pr}rs0 C X4
satisfy (1.7) and, for each A\ > 0, let uy denote the solution of (1.1) with initial datum ¢,.
Then there exist A, € (0,+00] and o € R such that

0 uniformly in R if 0 <A< Ay,
tliin ur(t,) =4 p(-—x0) wuniformly in R if A=A,
—+00

1 locally uniformly in R if A > A,

where p is as in Theorem 1.1.

The first results on extinction for “small” initial data and propagation for “large” initial
data were established in [10, 19, 25] for a larger class of functions f. In addition to the
aforementioned papers [16, 40], the existence of sharp threshold between extinction and
propagation (among monotone families of initial data) was investigated more recently,
through different techniques. We refer to [27] for non-compactly-supported initial data
converging to 0 at +oo, [29, 30] for non-compactly-supported radially symmetric non-
increasing initial data in R or RY. The reference [26] provides some enlightening numerical
simulations and a formula of the threshold radius for indicator functions supported on
disks and giving rise to solutions converging to a ground state, for the equivalent of (1.1)
in R? with large cubic nonlinearities f. For initial data (1.4), quantitative estimates
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on L*(«) as @ — 61 have been obtained in [3]. Existence, uniqueness or non-uniqueness of
thresholds have also been established for other equations than (1.1), such as equations with
super-linearly growing reactions f [18], equations with time-dependent reactions f(¢,u)
satisfying sup;> %(t, 0) < 0 [33], or equations with non-local diffusion [4, 39] or non-local
reactions [2].

Coming back to (1.1) with f satisfying (1.2)-(1.3), for each a > 0, the family
{ul(0,)}1>0 given in (1.4) (with «%(0,-) := 0) satisfies the condition of Theorem 1.2.
Furthermore, the solution ul with initial datum »£(0,-) is even in z. Therefore, combining
Theorems 1.1 and 1.2 together with the parabolic comparison principle, it follows that,
under conditions (1.2)-(1.3), for each a € (6, 400), there is L*(a) € (0, +00) such that (1.5)
holds. Moreover, the map « — L*(a) is immediately non-increasing, and even decreasing,
in (0, +00) (see Lemma 2.1 below for more details). We can therefore define

Ly = lim L*(a) € ]0,+00).

a—r+00
The parabolic maximum principle yields the following corollary (see below for the proof).
Corollary 1.3. Assume that f satisfies (1.2)-(1.3). The following properties hold.

(i) If Lo >0 and 0 < L < L, then, for every a > 0,

lim uX(t,-) =0 wuniformly in R.
t—+o00

(i1) If L > Lo, then there exists ag > 6 such that, for every a > ay,

lim uZ(t,-) =1 locally uniformly in R.
t—+o00

The first objective of this manuscript is to understand under which conditions on f
the real number L., is positive. The second objective is to use this information to derive
unexpected results on favourable effects of fragmentation of the initial datum. In particular,
we address the following question: among initial data with the same distribution function
as al(_r/21/2) (see later for the precise definition), is the interval of size L always the most
favourable shape for propagation? The third objective is to relate our results to the mass
concentration principle, which claims that nonnegative solutions of semilinear parabolic
equations can be controlled from above in an integral sense by the solutions emanating
from the Schwarz symmetrically decreasing rearrangements of the initial data. As a matter
of fact, we show with two different counter-examples, the first ones in the literature to our
knowledge for problems like (1.1), that this mass concentration principle is not valid in
general.

1.1 Large-amplitude asymptotics

The next two theorems describe two opposite possible behaviours of the threshold
lengths L*(«v) as @ — +o00. The first one gives sufficient conditions on f ensuring that L
is positive. In other words, for such f, even very large amplitudes lead to extinction if the
support is too narrow.



Theorem 1.4. Assume that f satisfies (1.2) and that there exist p > 2 and A > 0 such
that
f(s) < =A(s—=1)P foralls>1. (1.8)

(i) If p > 3, then Lo, > 0 for every A > 0.

(ii) If 2 < p < 3, then there exists A* > 0, depending only on f|p1 and on p, such that
Lo > 0 whenever A > A*.

The second theorem deals with the opposite situation, giving sufficient conditions on f
ensuring that L., = 0. In other words, for such f, for every L > 0, even an arbitrarily small
support can lead to propagation, provided the amplitude « is large enough.

Theorem 1.5. Assume that f satisfies (1.2), and that there exist 0 < p < 3 and a > 0
such that
0> f(s) > —as? foralls>1. (1.9)

Then the following properties hold.
(i) If 0 < p <1, then

0 < liminf o L*(a) < limsup o L* () < +00.

a—r+00 o—+00
In particular, Lo, = 0.

(ii) If 1 < p < 3, then there exists a, > 0, depending only on f|p1 and on p, such that
Lo = 0 whenever 0 < a < a.

The shape of the nonlinearity f on (1,+00), in particular its decay at infinity, is
obviously of crucial importance to determine whether L., > 0 or L., = 0. However, the
reader will have noticed that, in the intermediate range 2 < p < 3, the two behaviours
may occur: strong enough absorption (A > A*) gives L., > 0, whereas sufficiently weak
absorption (0 < a < ay) gives Lo, = 0. Thus the exponent p alone does not determine the
large-amplitude limit: the shape of f on the whole of (1,+00) is relevant (and not only the
behaviour at infinity).

The possibility that L., be positive or zero is related to the competition between the
relaxation of large amplitudes and the amount of mass that diffusion can transfer outside
the initial support before this relaxation has occurred. Indeed, for p > 0 and A > 0, consider
the solution of the ordinary differential equation

U'(t) = —AU(#) — 1), >0,
()= -AU(H) - 1) o)
U0)=a>1.
The solution U is defined and decreasing in [0,7"), with 7' = +oo if p > 1, and T = (‘lelz)p

if p < 1. Furthermore, U(t) — 1T as t /' T. For every fixed M > 1 and for any o > M,
the time needed for U to decrease from « to M is

1 [ ds
Ta—>M - Z/j\/l (S — 1)p

Hence T, _,3; remains bounded as @ — +o0 if and only if p > 1.
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When 0 < p < 1, this relaxation time diverges as a — 400, leaving diffusion enough
time to spread a large amount of mass outside the initial support [—L/2, L/2], even if
L > 0 is small. This is the mechanism behind Theorem 1.5-(i). Actually, this heuristic for
0 < p <1 holds when f satisfies (1.2) and (1.9), whereas in (1.8) we always assume p > 1
to guarantee the local Lipschitz continuity of f around 1 (since f(1) = 0).

When p > 1, the relaxation time from height @ > 1 down to values of order 1 is
uniformly bounded with respect to . Under assumptions (1.2) and (1.8), the proof of
Theorem 1.4 makes this intuition quantitative through the L' estimate

! (S)
Vt>0, [Jul(t, e < LB()+C vt/ Bl) 4 1.11
>V, Hua( ) )”L (R) > ( ) € o /—t s S, ( )

where C' > 0 and v > 0 are independent of « > 1 and of L > 0, and
Bls) =1+ (A(p—1)s) 77

is the ODE (ordinary differential equation) upper bound of |[uf(¢,-)|| 1), see (2.3) below.
The integral in (1.11) is understood as +o0o when p < 2, in which case (1.11) does not
provide any information. In (1.11), the first term measures the mass that remains inside
the initial interval, while the second one controls the mass transferred by diffusion to the
exterior region through the edges of the support. The behaviour of the latter term near ¢ = 0
leads to two regimes where the above L' strategy yields Lo, > 0:

- The case p > 3. In this case,

t B(s)
—— _ds — 0 t—0t.
/0 P S as

Hence one can first choose a short time ¢; > 0 so that the mass diffused outside the
initial interval is uniformly small with respect to a, and then choose L > 0 small enough
so that the full L' norm falls below an extinction threshold. This gives L., > 0 for every
A>0.

- The case 2 < p < 3. The preceding short-time argument no longer applies. However, the
singularity of B(s)/v/t — s at s = 0 is still integrable when p > 2. The estimate (1.11)
can therefore be evaluated at a suitable positive time, and the resulting bound becomes
small when A is large enough. This yields L., > 0 for p € (2, 3], provided the damping
coefficient A is sufficiently large.

The mechanisms leading to L., = 0 are different:

- The case where the negative reaction above 1 is at most linear. If 0 < p <1 and (1.9)
holds, then there exists p > 0 such that

f(s) > —ps forall s > 0.

Thus large amplitudes cannot be damped faster than linearly. Very large initial am-
plitudes can then generate, after a fixed positive time, a supercritical plateau on an
interval of prescribed length. This yields L., = 0, and more precisely L*(«) is of order
1/a as @ — +00.



- The case 1 < p < 3 with weak absorption. This is the second mechanism leading to
Lo, = 0. Here the ODE relaxation time is already uniformly bounded with respect to
«, so the previous linear comparison argument no longer applies. Instead, the proof of
Theorem 1.5-(ii) uses a self-similar profile of the absorption equation

Up = Ugy — UP.

Such a profile exists in dimension one precisely for 1 < p < 3. After a suitable rescaling,
it gives a subsolution which lies below a large enough multiple of the indicator function
of any prescribed interval and which, at a later time, is larger than 1 on an interval of
length R > L*(1). The comparison principle then implies propagation.

Although these results cover a broad range of regimes, two natural questions remain
open:

- The case 1 < p < 2. We know from Theorem 1.5-(ii) that L., = 0 when the coefficient
a in (1.9) is small enough. It remains unclear whether this should hold for every a > 0.

- The borderline case p = 3. Theorem 1.4 gives Lo, > 0 when the coefficient A in (1.8) is
large enough. Conversely, the self-similar construction used in Theorem 1.5-(ii) stops at
p < 3. The weak-absorption regime at p = 3, for instance under a lower bound of the
form (1.9) with small coefficient a, is therefore not settled by the present arguments.

1.2 A favourable effect of fragmentation

The other main results of the paper are related to the analysis of the effect of fragmentation
of the support of the initial datum, which is now of a more general type than (1.4), but still
comparable to it in some sense. Our results show that a sufficiently fine fragmentation of
the initial support may turn extinction into propagation. Let us recall that two nonnegative
measurable functions ug and vy that converge to 0 at oo are said to have the same
distribution function, or to be equally distributed, if

Hz :up(z) > A = {z : vo(x) > A} for every A > 0,

where |E| stands for the Lebesgue measure of a measurable set £ C R. In particular, if
a > 0 and F| F are measurable bounded sets, then alg and al g are equally distributed if
and only if |E| = |F|.

For 0 < Ry < Ry and n € N\ {0}, define (see Fig. 1):

n—1
k k
<—@ L L B Rl). (1.12)

E, (R, Ry) := , —— + —+ —
(B, I2) U 2 n 2 * n + n
k=0
Thus the Lebesgue measure |E,(Ry, Ry)| of E,(R1, Ry) is equal to Ry, but this set is spread

across an interval of length approximately equal to Ry when n is large.

Theorem 1.6. Assume that [ satisfies (1.2)-(1.3) and Lo > 0. Then, for any real
numbers Ry and Ry such that 0 < Ry < Lo < Rs, there exist a > 6 and an integer n > 2
such that, for the two bang-bang data

blk .__ frag  _
Uy =« ]1(—R1/2,R1/2)7 Ug = ]lE’!L(RlvRQ)?



_ Ry Ry g
2 2
(a) ug™ () = a1 (_g, j2,r, /2)(¥)
Ry
2
"
Ry | By
2 2

(b) ug®(z) = a g, (v, 1) (@)

Figure 1: Schematic representation of the initial data ul’™ and ug®® in Theorem 1.6. The

two data have the same distribution function and their supports have measure R;. For
suitable choices of R;, Ry, a, and n, Theorem 1.6 shows that ub leads to extinction,
whereas ul®® leads to propagation.

which have the same distribution function, the solution u® of (1.1) with initial da-
tum ul™ extinguishes and the solution u™ of (1.1) with initial datum ugrag propagates,
that is, uPX(t,-) — 0 as t — +oo uniformly in R and u™s(t,-) — 1 as t — +oo locally

uniformly in R.

Theorem 1.6 shows that a more fragmented initial datum can be more likely to persist
at large time. The proof of this counter-intuitive result is based on the fact that diffusion
rapidly merges the fragments of the set E, (R;, Ry) and creates a broad supercritical region
for propagation to occur.

The effect of the spatial distribution of initial data on the large-time dynamics of
solutions of equations such as (1.1) has been the subject of several earlier references. In [20],
for (1.1) under assumptions (1.2), initial data 1(_q/2—1/2,~a/2) + L(a/2,a/2+1/2) (With d >0
and L > 0) have been considered and the critical threshold length L} > 0 separating
extinction (for L < L) and propagation (for L > L}) has been shown to converge to
2L*(1) as d — +oo. Numerical simulations in [20] suggest that L} may be decreasing
with respect to d for small d > 0, and [31] gives a formula for the derivative of L} with
respect to d, in terms of the unique positive solution of the adjoint parabolic equation
linearized around the threshold solution with L = L}. For higher-dimensional versions
of (1.1), various fragmentation indices of initial distributions of the type uy = 1g have
been used in [5], defined in terms of the suitably renormalized distance from E' to the set
of equimeasurable balls, either in the L' sense or in the Hausdorff sense. These indices
are invariant by rigid motion or scaling of E. It follows from [5] that in general there
is no monotonicity of the large-time dynamics with respect to the fragmentation indices,
among equimeasurable sets /. These results however concern pairs of sets which are truly
fragmented, far from Euclidean balls. We also mention that, for reaction-diffusion equations
in bounded domains €2 with Neumann boundary conditions, the papers [1, 28, 32] have
dealt with the optimization of integral quantities such as [, u(T,-) with respect to the
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initial datum under some pointwise and integral constraints.

Coming back to (1.1), Theorem 1.6 has several consequences, which shed light on the
unexpected role of fragmentation of the initial support on the large-time dynamics of
solutions of (1.1). In the sequel, for real numbers a; < by < ag < by < --+ < ay < by, with
k € N\ {0}, let us denote

Eahblf'wak:bk = (a’17 bl) U (a’27 62) u---u (akv bk>7

whose Lebesgue measure is equal to |E| = (b —ay) + -+ - + (bp — ag).

Corollary 1.7. Assume that f satisfies (1.2)-(1.3) and Lo > 0. Then there exist o > 0,
an integer k € N\ {0}, and some real numbers

ap < by <ag<by<- - <ap1 <b_1<a,<b, and ak<b§€<a;+1<b;€+1
such that the sets

&= Eahbl,"',akﬁk and F = Ealybly“

/ / /
RTINS

have the same Lebesque measure (in other words, F is obtained from E by splitting the
connected component (ay,by) of £ into two disjoint components (a, b)) U (a4, b)) of the
same total Lebesque measure) and the solution of (1.1) with initial datum o 1g extinguishes,
while the solution of (1.1) with initial datum a1 does not.

The case k = 1 in Corollary 1.7 would mean that the solution of (1.1) emanating from
a multiple « of the indicator function of a single interval extinguishes while the solution
emanating from an equally distributed initial datum supported on two disjoint intervals
does not. Although the exact value of k is not known, Corollary 1.7 brings us closer to
the conjecture formulated in [20, 31] (for o = 1), which compares the solutions emanating
from the indicator function of an interval with that of the union of two intervals of half the
length.

1.3 Two counter-examples to the mass concentration principle

In another perspective, much work has been devoted to the analysis of the effect of
rearrangements on nonnegative solutions of parabolic equations. In particular, Bandle [11]
and Alvino, Trombetti and Lions [6] obtained mass concentration comparison results for
parabolic equations, under certain assumptions, in bounded domains with homogeneous
Dirichlet boundary conditions. Roughly speaking, these results say that any solution with a
nonnegative initial datum wug is dominated, in an integral sense, by the solution of the same
equation with initial datum equal to the radially symmetric non-increasing rearrangement

of ug. More precisely, let
]R = (—R, R),

with R € (0, +0c]. When R = +o00, we understand /r = R. In this section, we denote by

{atuzamu—l—f(u), t>0, x € Ig, (1.13)

u(0,x) = ug(x), x € Ip,

the analogue of (1.1) in the interval Ig.



For a nonnegative function w € L*(Ig) (assuming in addition that it converges to 0
at +oo if R = +00), we denote by w* its Schwarz non-increasing rearrangement, that is,
w* : Ir — R, is nonnegative, even, non-increasing with respect to |x|, and it has the same
distribution function as w, namely

VA>0, Hrxelg:w(x)> A =|{relp:w(x) >N} (1.14)

The function w* can be made unique by imposing that, say, it be right-continuous with
respect to |x|. For a locally Lipschitz-continuous function f : Ry — R with f(0) = 0,
consider problem (1.13) with a nontrivial nonnegative initial datum ug € L*(Ig), and the
same problem with the rearranged initial datum, namely

(1.15)

0w = Oppv+ f(v), t>0, x € Ip,
v(0,2) = ugi(z), x € Ip.

If R < +00, both u and v are supplemented with homogeneous Dirichlet boundary conditions
u(t,£R) =v(t,£R) = 0. (1.16)

Let T := min (T'(uo), T(ug)) € (0,+00] be the minimum of the maximal existence times
T(up) € (0,400] and T'(u) € (0,400] of the solutions u and v, respectively. By the
maximum principle, both solutions remain nonnegative. Moreover, for every ¢ € (0, T (ug)),
the function = — w(t, z) is even, continuous, and non-increasing with respect to |z|, whence
v*(t, ) = v(t, ).

The mass concentration comparison principle states that, for many functions f, u(t, -)
is less concentrated than v(t,-) for all ¢ € (0,T), written as

u*(t,") <wv(t,-) forallte (0,7T), (1.17)
in the following sense:
/ u*(t, z) dr < / v(t,z)dr forallt e (0,T), re€[0,R). (1.18)

When R < 400, (1.17) follows from [6] in the linear case f(u) = pu with u € R, actually
for the analogues of (1.13), (1.15) and (1.18) in a bounded domain of RY and in the
equimeasurable Euclidean ball, in any dimension N > 1. Inequalities similar to (1.17)-(1.18),
also with more general L? norms instead of L! norms, have been shown for equations (1.13)
and (1.15) with convex functions f such that f(0) > 0 in [11] or nonincreasing convex
functions f such that f(0) = 0 in [15], for linear parabolic equations with quite general
and possibly singular zero-order coefficients in [7, 8, 37, 38], for parabolic equations with
degenerate nonlinear diffusion in [34, 35, 36|, or in [9] for quasilinear parabolic equations
with p-Laplace type diffusion, zero-order term c(t, z)|u|P~?u, and 9;(|u|P~?u) instead of dyu
in the left-hand side, with p > 2.

It is therefore natural to ask whether the mass concentration principle (1.17) holds for
semilinear parabolic equations (1.13) and (1.15) with general functions f, in the whole
line R or in bounded intervals (—R, R). The inequality (1.17) would give an a priori upper
bound of any nonnegative solution by the one emanating from the Schwarz rearranged
initial datum. From a biological point of view, it would suggest that the most aggregated
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initial population has the best chance of persistence among all initial data with the same
distribution function.

However, it turns out that this mass concentration principle is false in general, and
we provide two different counter-examples. The first one shows that (1.17) fails for (1.13)
and (1.15), in R or in bounded intervals with Dirichlet boundary conditions (1.16), with
simple standard functions f : [0, 1] — R satisfying f(0) = f(1) = 0.

Theorem 1.8. Let f:[0,1] — R be any Lipschitz continuous function satisfying f(0) =
f(1) =0 and one of the three following conditions: a) either (1.2); b) or there is 6 € (0,1)
such that f =0 on [0,0]U{1} and f > 0 on (0,1); ¢) or f >0 on (0,1). Then the following
conclusions hold.

(i) There exists a real number L* > 0 satisfying the following property: for any L > L*,
there is dy > 0 such that, for every d > dy and xy € R, the solutions v and v of (1.13)
and (1.15) (with R = +00), with respective initial data

[y— * —_
Uo := L(wo—L2o)U(zo+daotdrr) and ug =1L 1),

both have mazimal existence time +o0o and range in [0, 1], but do not satisfy the mass
concentration comparison (1.17), that is, there exist t > 0 and r > 0 such that

/ u*(t,x)dw>/ v(t,x) de. (1.19)
Moreover, one can choose L* = L*(1) in case a), and L* = 0 in case c) if
liminf, o+ f(s)/s® > 0.

(ii) For any real number R > 0, there is My > 0 with the following property: for any
M > My, there are initial data ug := 1 with some bounded sets E € Ip = (=R, R),
such that, when f is replaced by M f, the solutions u and v of (1.13) and (1.15) with
Dirichlet boundary conditions (1.16), have maximal existence time +0o and range in
[0, 1], but do not satisfy the mass concentration comparison (1.17). More precisely, there
existt > 0 and r € (0, R) satisfying (1.19).

The previous counter-example shows that the mass concentration principle fails in
general. The next counter-example shows that this principle is false in a stronger sense
for equations set in R: there are cases when a bounded nonnegative solution u of (1.13)
converges to a positive constant locally uniformly in R as ¢ —+ +oo while the solution
of (1.15) in R converges to 0 uniformly in R as t — +o0.

Theorem 1.9. There exist C* functions f : [0,1] — R with f(0) = 0, and initial data
ug := 1g for some bounded sets E C R, such that the solutions u and v of (1.13) and (1.15)
(with R = +00) have mazimal existence time +00 and range in [0, 1], but do not satisfy the
mass concentration comparison (1.17). Moreover, v(t,-) — 0 uniformly in R as t — 400,
while u(t,-) converges to a positive constant locally uniformly in R as t — +oo: therefore,
for every fized v > 0, (1.19) holds for all t large enough, and (1.17) is violated for all t
large enough.

Theorem 1.9 is actually a consequence of Theorems 1.4 and 1.6. We stated the result with
C*([0, 1]) functions f to shed light on the fact that even smooth functions f can give counter-
examples to (1.17). Actually, if one considers any locally Lipschitz continuous function
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g : Ry — R such that g(0) = 0, differentiable at 0 and satisfying the assumptions (1.2)
and (1.8) with any p > 3 and A > 0, or with p € (2,3] and A > 0 large enough, then the
rescaled functions f defined in [0,1] by f(s) = @ with large o > 0 are functions for
which the conclusion of Theorem 1.9 holds. In particular, the functions f may not be of
class C*([0, 1]). Typical examples of functions f for which the conclusion of Theorem 1.9
holds are then given in [0, 1] by:

f(s)=Cs(as—0)(1—as)|l—as|?

with any given real numbers C' > 0, ¢ > 0 and 6 € (0,2/(g+4)) (which ensures fol/af(s)ds >0
as one can check) and any « > 0 large enough (depending on C, ¢ and 6), or by the cubic
nonlinearity

f(s)=Cis(as—0)(1—as) forse[0,1/q]

with any given 6 € (0,1/2) and C; > 0, and f(s) < —CQ(O‘TS_U?) in [1/a, 1] with any Cy > 0
large enough (depending on C; and ) and o > 0 large enough (depending on C4, 6 and Cy).
In Theorem 1.8, the functions f can be of class C*°([0, 1]) as well, but not necessarily.

We point out that, in Theorem 1.9, the solutions u of (1.13) converge to positive
constants as t — 400 locally uniformly in R, while the solutions v of (1.15) in R converge
to 0 uniformly in R, whence the mass concentration principle (1.17) is violated for all ¢ large
enough. On the other hand in Theorem 1.8-(i), as revealed by the proof, both solutions
u and v converge to 1 as t — +oo locally uniformly in R, and the mass concentration
principle (1.17) is shown to be violated only for some ¢t > 0. Lastly, the functions f
considered in Theorem 1.9 could also serve as counter-examples to (1.17) in bounded
intervals (—R, R), after multiplying them by a sufficiently large constant and rescaling the
supports of the initial data uqg.

Outline of the paper. In Section 2, we first establish some preliminary L* and L!
estimates for the solutions of (1.1) with initial data of the type (1.4), by bounding them
from above by explicit upper bounds of the solutions of the ordinary differential equation
U'(t) = f(U(t)) with U(0) = «. Section 3 is devoted to the proof of the main results, namely
Theorems 1.4 and 1.5 on whether L, is positive or zero, Theorem 1.6 and Corollary 1.7 on
the effect of fragmentation of the initial datum on the extinction or propagation properties of
the solutions of (1.1) at large time, and Theorems 1.8 and 1.9 on different counter-examples
to the mass concentration principle for equations (1.13) and (1.15) in the whole line, or in
bounded intervals (—R, R) with Dirichlet boundary conditions (1.16).

2 Preliminary estimates

We start in this section with a series of preparatory steps of the main results.

Lemma 2.1. Assume that f satisfies (1.2)-(1.3). Then the map o — L*(«) is decreasing
in (6,400).

Proof. We first note that the comparison principle implies that o — L*(«) is nonincreasing
on (0,4+00). Indeed, if § < oy < g and L > 0, then

uk (0,z) <ul (0,z) forall z €R,

12



hence
ul (t,x) <ul (t,z) forallt>0, z €R.

Therefore, thanks to Theorems 1.1-1.2, if uﬁl propagates, then so does uéQ, which yields
L*(Oég) S L*(Oél).

It remains to prove that this inequality is strict. Let 6 < a3 < as, and argue by

contradiction. Assume that
L*<Ck1) = L*(Oég) = L

For this fixed L > 0, we consider the one-parameter family {¢,}o>0 defined by
Ga = al(—rj2,0/2); a > 0.

This family {¢4}a>0 satisfies (1.7), and each function ¢, is even. Applying Theorem 1.2
to this family, there exists a threshold value a..(L) € (0,4o00] such that the corresponding
solution ul of (1.1) with initial datum ¢, satisfies

0 uniformly in R, if @ < (L),
th+m uk(t,-) = { p uniformly in R, if « = (L),
—>+ 00

1 locally uniformly in R, if o > an.(L).

On the other hand, owing to the definition of L*(«;) and our assumption L = L*(a;), the
solution uX converges to the ground state p for both i = 1,2. This implies that o, (L) is

Qg

finite (otherwise all finite values of o would lead to extinction) and
a; = a.(L) = ag,
which contradicts «; < a. Therefore one must have
L*(ag) < L*(a;) whenever 0 < ay < as.
This proves that the map o — L*(«) is decreasing in (6, +00). O
Lemma 2.2. Assume that [ satisfies (1.2)-(1.3), and define

= supM = sup @ € (0, +00), My =
s>0 S 0<s<l S e

If up € L'(R) N L¥(R), up > 0, and ||ug||prwy < ma, then the corresponding solution
of (1.1) satisfies

lim w(t,-) =0 wniformly in R.

t—+o00

Proof. Since f(s) < s for all s > 0, the comparison principle yields

0<u(l,z) <e'(G(1,-) *ugp)(z) < g for all z € R,

e
< EHUOHU(R)

where
e_xz/(4t)

G(t,x) := T t>0, z eR, (2.1)
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denotes the heat kernel on R. Let y be the solution of 4/(¢) = f(y(t)) with y(1) = 6/2.
Since f < 0on (0,6) and f(0) = 0, one has y(t) — 0 as t — +o0. The comparison principle
gives

0<u(t,z) <y(t) forallt>1, xz €R,

and the conclusion follows. O

Lemma 2.3. Assume that f is locally Lipschitz-continuous in [1,+00) and satisfies f(1) = 0
together with (1.8) for some p > 1 and A > 0. Let a« > 1 and let U solve

U't) = f(U(t)), t>0,
U0) = a.
Then, for everyt > 0,
Ut) < B(t) =1+ (A(p—1)t) 7 (2.2)

Proof. Set V(t) := U(t)—1. Since U(0) > 1, f(1) = 0, and f is locally Lipschitz-continuous
and nonpositive in [1,4+00), U is defined in [0, +00) and V() > 0 for all ¢ > 0. Using (1.8),

VI(t) = f(U() < —AV(E)".

Since p > 1,
(V') == - 1)V() V(1) > A(p - 1).

Integrating in time gives
V)P =V(0) = Ap - 1)t

for all ¢ > 0, whence

1

Ut)y=14+V({#t) <1+ (Alp-1)t) 1.
This provides the desired estimate (2.2). O

Proposition 2.4. Assume that f satisfies (1.2) and (1.8) for some p > 1 and A > 0, and
define v > 0 as in Lemma 2.2. Then, for every a > 1 and L > 0, the solution ul of (1.1)
with initial datum (1.4) satisfies

+267t ' B(s)
VT Jo VE=s

for all't > 0, where B is defined in (2.2) and the right-hand side of (2.3) is understood
as +oo if the integral diverges, that s, if p < 2.

Jul(t, )l ey < L B(t)

ds (2.3)

Proof. Let U be the ODE solution from Lemma 2.3. By the comparison principle and
Lemma 2.3, one has, for all t > 0 and x € R,

0 <uk(t,z) <U(t) < B(t).
Therefore, for all t > 0,

L/2
/ uk(t,r)dv < L B(t).
~L/2
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It remains to control the exterior region. Consider the linear problem on the half-line

Ow = Oppw +yw, t>0, x> L/2,
w(t,L/2)=U(t), t>0,
w(0,x) =0, x> L/2.

Since f(s) < s for all s > 0, the function w is a supersolution of (1.1) on (L/2,4+00), with
the correct boundary and initial domination. Hence

0 <uk(t,r) <w(t,z) forallt>0, x> L/2.
Setting z(t,z) := w(t,x + L/2), one has

Oz = Ogez +7vz, t>0, x>0,
z(t,0) = U(t), t>0,
2(0,x) =0, x> 0.

The standard representation formula on the half-line, see for instance [14], gives
t
2(t,x) = ewt/ P(t—s,x)e " U(s)ds
0

for all t > 0 and x > 0, where

o —xz/(47') —x2/(47)
P(r,z) = —2—< =L 7>0, >0.

(99[: AarT 2ﬁ73/2 ’

Moreover, for all 7 > 0,

+o00 +OO 712/(47) 1
/0 (r.2) d /0 NP
Thus, for all ¢ > 0,

/Lj:oug(t,x)dxg/L:ow(t,x)dx:/Jroo 2(t,x) dx
—ewt/m/ (t = s,2) e U(s) ds de
—e”t/ e P U(s) (/o P(t—s,x)dx) ds
“F

e'yt

=

The same estimate holds on (—oo, —L/2) by symmetry. Combining the three regions, we
obtain

ds.

2e7! B(s)

VT o VE— s
which is exactly (2.3). O

lul (£, )iy < LB(t) +
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3 Proofs of the main results

This section is devoted to the proof of the main results described in Section 1. We start
with the rather straightforward Corollary 1.3.

Proof of Corollary 1.3. Since a — L*(«) is decreasing (by Lemma 2.1), if 0 < L < L,
then L < L*(«) for every a > 6, hence extinction follows from Theorems 1.1-1.2; that
is, ul(t,-) — 0 as t — +oo uniformly in R. This also holds for all « € (0, 6], by the parabolic
maximum principle. Now, if L > L, then there exists oy > 6 such that L > L*(«) for
all @ > o, and Theorems 1.1-1.2 entail propagation of the solution u O

o

In Subsection 3.1 we prove Theorem 1.4, using in particular Lemma 2.2 and Propo-
sition 2.4. Then, Subsection 3.2 is concerned with the proof of Theorem 1.5, using a
variety of refined subsolutions. In Subsection 3.3, we carry out the proofs of Theorem 1.6,
Corollary 1.7 on the effect of fragmentation of the initial datum on the large-time dynamics.
Lastly, in Subsection 3.4, we prove the results on the failure of the mass concentration
principle, namely Theorems 1.8 and 1.9.

3.1 Conditions ensuring L., > 0: proof of Theorem 1.4

Proof of Theorem 1.4. We use Proposition 2.4 together with the small-L! criterion from
Lemma 2.2.

Case (i): p > 3 and arbitrary A > 0. Fix p > 3 and A > 0. With B as in (2.2), it follows
that, for all t > 0,

[=e= [ st o) [ =

1 1 T
p=1 1 1 r p-1
= Wt+|—— ) 2T / dr.
(A (p— 1)) o V91I—r

Since p > 2, one has p%l < 1, and therefore

/1 P dr < +
r < +00.
0 \/1—7“

Since moreover p > 3, the exponent % 1

_pTl

' B(s)
d .
/0 Vit—s ° tﬁ 0

is positive, and therefore

Choose ty > 0 small enough so that

2¢v0 [ B(s) M
ds < —,
ﬁ 0 Vig— s 2

where m, is given by Lemma 2.2. We may then choose Ly > 0 such that

L()B(t()) < 77;* .
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By Proposition 2.4, every solution ul® with o > 1 then satisfies

[l (to, )| 1y < M

Applying Lemma 2.2 with the new initial time ¢, yields extinction of uZo for every a > 1.
Therefore
L*(a) > Ly forall a > 1,

and thus Lo, > Ly > 0.
Case (ii): p > 2 and large A > 0. Let

ty = so that B(t;) = 2.

Alp-1)

Applying Proposition 2.4 with L = 2/A and any «a > 1 gives

4 2ev [ B(s)
A, <<+ / ds.
e vy < A VroJy V-5 S

Since

a change of variables s = t1r yields
B B(s) U]y
ds:\/t_/ —dr.

=:Bp

Because p > 2, the integral B, is finite. Hence

4 2e™MB,\/t,
2/A (¢ . <22 Pevil
gt M) < i N
Using the definition of ¢; = A(p+1, we observe that the right-hand side tends to 0
as A — 4+00. We may therefore choose A* > 0, depending only on v and p, such that for
every A > A*,

AT T & -

For such an A, Lemma 2.2 implies that uZ/4 extinguishes for every a > 1. Consequently,

4 2™ B\t

2
L* () > 1 for all @ > 1,

and therefore L., > % > (. The proof of Theorem 1.4 is thereby complete. O
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3.2 Conditions ensuring L., = 0: proof of Theorem 1.5

We distinguish the proofs of case (i) and case (ii).

Proof of Theorem 1.5-(1). First, if L = ™= in (1.4) with m, > 0 as in Lemma 2.2, then
extinction occurs from the small-L' criterion of Lemma 2.2. Hence
My

L >
(a) > =,

for every a > 6.
Next, since f satisfies (1.2) and (1.9) for some 0 < p < 1, we can define

p = —;r;(f)@ € (0, 400).

We now fix any R > L*(1), for instance R = L*(1) + 1, and define

2
M = +A4r e”+<Rfﬁl) >1>0.

We show below that the 1n1t1al size L = 2= in (1.4) leads to propagation as soon as o > M.
So, with a > M and L = & < (0, 1], let uL be the solution of the linear Cauchy problem
Ot = Oppt — p U, t>0, reR,
= Lo (3.1)
uw(0,7) = alpprpm)(r), =R
Since f(s) > —ps for all s > 0, the function u’ is a subsolution of (1.1), and hence
uk(t,r) > uk(t,x) forallt >0, x €R. (3.2)
Moreover, for all £ > 0 and x € R, one has
L/2
uy(t,z) = ae™ G(t,x —y)dy, (33)
—L/2

where G denotes the heat kernel on R, defined in (2.1).
If || < R/2 and |y| < L/2, then |z —y| < (R+ L)/2 < (R+1)/2, hence

Gla—y) > Ji_ﬂexp G%) |

Therefore,

L 1)
uk(1,7) > ae™ \/Eexp (—%) for all |z| < R/2.

From the above choices and (3.2), we obtain
ub(1,2) > 1 for all |z| < R/2.

Hence,
Ue (L) = ui'(0,).

(e}

Since R > L*(1), Theorems 1.1-1.2 imply that the solution of (1.1) with initial datum

uft(0,-) propagates. The comparison principle then yields propagation of u% with L = 2L,
that is,
. M
L*(a) < — for all « > M,
a
which concludes the proof. n
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Proof of Theorem 1.5-(ii). Throughout the proof, we assume that f satisfies (1.2) and (1.9)
with 1 < p < 3. The problem under consideration shares some similarities with the following
heat equation with absorption

U=AU-U?, t>0, zcR",

which has attracted a lot of attention [13, 17, 21, 22, 23, 24]. In dimension N = 1, when
looking at positive and even-in-z self-similar solutions of the form

1 T
W(t, z) = go( ) , tr>0,t>0, z€R, (3.4)
(to + )71 \Vio+1

one reaches the ODE Cauchy problem for ¢ = ¢(z):

¢+ 320 + o =¢", z€R,
2(0) = h, (3.5)
¢'(0) =0,

where h > 0 can be viewed as a shooting parameter. When 1 < p < 3, Brezis, Peletier and

Terman [13] exhibited a very singular solution to the heat equation with absorption which
is based on the following tool.

Lemma 3.1 ([13]). Assume 1 < p < 3. Then there is a unique h > 0 such that the (even)
solution to (3.5) is global, and satisfies

e>0o0onR, lim z%go(z) = 0.

Z—r+00

Furthermore, ¢ < 0 on (0,+00), and

1,2 3=p

o(z) ~ Ce 1% zr=1 as z — 400, (3.6)

for some known constant C > 0.

We denote by ¢ the solution provided by Lemma 3.1 and recall h = ¢(0) > 0. We fix

1
O<e<< —. 3.7
p(p—1) (3.7

Let us denote

R:=1L*(1)+1,
and

M := — min f(s) € (0, +00).
s€[0,1]

We emphasize that R and M depend only on f|j 1), and are thus independent of a > 0
appearing in (1.9). We fix 7' > 0 large enough so that

; (%) > g (3.9)
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We now fix a, > 0 small enough so that

1
Vo<a<a, —>DM, (3.9)
acP

together with

h 1
V0 < a< ay, — > 1. (3.10)

2ap%1(1 + T)p%1 art®

This is possible because, by (3.7), the first term in (3.10) dominates the second one as
a— 0.
From now on, we assume that f satisfies (1.9) with
0<a<a,.
Let us fix L > 0. Our goal is to show that the solution uZ starting from
Uy (0,7) = ol _pp2py)(2)

propagates for « large enough. From the definition of M > 0, (1.9), and (3.9), one can
check that

Vs >0, f(s)Z—a<s+ 1 >,,' (3.11)

Indeed, if 0 < s < 1, then

. 17 1\
fs)>—-M>—-aP=—-a|l——) >—-a|s+— ,
5 te S+e

while, if s > 1, then (1.9) gives

By comparison,

in (0,400) x R, where

1
V= Vg —aV”,  vg=ali_pp 0+ ——.
arte

Indeed, u% + a7 is a supersolution of the equation solved by v, thanks to (3.11).
Next, since W defined in (3.4)-(3.5) is a solution of W; = W,, — WP, one immediately
checks, by scaling the amplitude, that

ar-1 a1 (to + t)P%l

ot = ewien = o ()

satisfies
Wy = Wye — aWP.
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Indeed, if 5 =1/(p — 1), then
Wy — Way = a P(Wy — Wyp) = —a PWP = —au?.

For w(0, ) < vy to hold, it is sufficient, recalling that ¢ is radially decreasing, to have

h 1
— T S a+—3 (3.12)
aﬁtF ar’*
and
L ( L ) <1 (3.13)
ap%lté’%l ’ 2ty ) = grte .

Indeed, (3.12) gives the comparison inside (—L/2,L/2), while (3.13) gives it outside
(—L/2,L/2) by monotonicity of ¢. From (3.6), we can choose 0 < ¢y < 1 small enough so
that (3.13) holds, and then a > 0 large enough so that (3.12) holds. For these choices, we
deduce from the comparison principle that

. 1 1
Uy, >v— 1 > w— 1
a;‘i’E a;+€

in (0, 4+00) x R. In particular, since ¢ is radially decreasing, we have, for any |z| <

e > 1 ( R ) 1
Uq y L - 1 P 1
ar(ty+ )71 \2Vio +T e

apr

R
27

S 1 ( R ) 1

T e\ G
1 hooo1

1 IR

ar-1(1+T)r1 2

>

where we have used (3.8) and (3.10). Thus, at time T, the solution u is above 1 on the
interval (—=R/2, R/2). Since R > L*(1), the solution starting from 1(_g/2 r/2) propagates.
By comparison, u% propagates as well. Since L > 0 was arbitrary, this proves that
Lo, =0. [

3.3 Fragmentation results: proofs of Theorem 1.6 and Corol-
lary 1.7

We begin with the following useful convolution estimate.

Lemma 3.2. Let K € W'N(R), h > 0, and {Ji}rez be a family of pairwise disjoint
intervals of length h such that R = J, ., Ji. Assume that ¢ € L*(R) satisfies

/ q(y)dy =0 for every k € Z.
Jk

Then
1K * qll ooy < hllqll poomy 1K |2 my-
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Proof. Fix x € R. For each k € Z, set

Since / q(y) dy = 0, there holds
Ji

; Kz —y)qy)dy = /J (K(z —y) — My(2)) q(y) dy.

Now, for all y € Jj,

Ko=) = @) = 7| [ (Ko =9) = Kla=2)a:
<3 [ 1K@ —y) - K2z

Ji

s%/J K- gldgaz = [ K ) ac

Jk

Hence,

K - ) qly) dy\ < lallomsy [ 1K =) = M)l dy
Ty Ji

<Rl [ 1K'l de
Ik
Summing over k gives

(K q)(2)] < hllql ooy /R |K' (& = ©)[d§ = hlqll oo ) 1 K[| z)-

The conclusion follows. O
We are now in the position to prove Theorem 1.6.

Proof of Theorem 1.6. Choose any real numbers R; and R, such that
0 <Ry <Lx < Rs.
Since L*(n) — Lo as 7 — +00, there exists § > 6 such that
0 < L*(B) < Rs.

Set

a::(ﬁ—;ﬂ>ﬁ+l>l, I:= (—— —), = (B+1)1;. (3.14)
1

Since Ry < Lo, < L*(a), the solution u/®* of (1.1) with initial datum

Ry

Uy (0,+) = al(_p, /2R /2)

22



extinguishes.
It remains to prove propagation for a sufficiently fine fragmentation of the same mass.
Fix 0 > 0 such that
Ry —20 > L*(5) > 0,

and set R
Is = (——2—|—5 ——5> and M, = max |f(s)].
2 sG[Oa
Let G denote the heat kernel on R, given as in (2.1). Since Is € I and thus
G(t,")*up = (B+1)G(t,) *1; — B+ 1 uniformly in Is as t — 07,

we may choose ¢y > 0 such that

1
(G(to, ") *xug)(z) > B+ 3 for all z € Iy, (3.15)
and simultaneously
1
toM, < i (3.16)

For n € N'\ {0}, let
Uon = a]lEn(Rl,Rz)u
with E, (R, R2) given in (1.12). We recall that the Lebesgue measure of E,(R;, Rs)

is equal to R, that is, the length of the interval (—R;/2, R;/2). In other words, the
functions w1 (0, -) and ug,, have the same distribution function. On each cell

R, kR, Ry (k+1)R
%k:<_g+_3__z+Lilg),kez
’ 2 n 2 n

one has . ;
| (w0no) = wow) dy=a Tt (5412
Jnk n -

for k=0,...,n — 1. Furthermore, if k € Z\ {0,1,--- ,n — 1}, then ug,, = 4y = 0 in J,x,
whence [ . (wo.n(y) — Uo(y)) dy = 0. Applying Lemma 3.2 with K = G(to,-), h = Ra/n,

the intervals {J,x trez, and g, = ug, — Uo, We get

0

R,
1G(to, ) * anll ooy < —= 102G (to, 12y

Since |0, G (to, -)|| 1 (r) = 1/v/7to and G(to, -) * gy, is actually continuous in R, we can fix an
integer n > 2 large enough such that

Ve eR, [|(G(ty, ) *qn)(z)] < (3.17)

] =

Let u, be the solution of (1.1) with initial datum ug,,. Since 0 < ug,, < a (with a > 1)
and f(s) <0 for s > 1, the constant function « is a supersolution. Hence

0<u,(t,z) <a foralt>0, zeR.
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In particular,
flun(t,x)) > =M, forallt >0, x€R.

Finally, let u,, be the solution of

Oy, = Opatt,, — My, t>0, z €R,
Qn(()wr) = uO,n(-T), z € R.

By the comparison principle,
up(t,z) > u,(t,z) forallt>0, x €R.
Moreover,
u,(t,x) = (G(t,-) xugn)(x) —tM, forallt>0, xR,

whence

up(to, ) > u,(to, x)
= (G(to, ") * uon)(x) — toMa
= (G(to, ) x uo)(z) + (G(to, ) * gn)(x) — to M,

for all z € R. Using (3.15), (3.16), and (3.17), we infer that

1 1 1
> — —_——_—— = = .
Uy (to, x) > (ﬁ + 2) 11 £ for all x € I

Hence
Un(to, ) 2 5]1[5.

Since Is is an interval of length |I5| = Ry — 2§ > L*(), Theorems 1.1-1.2 imply that the
solution with initial datum /5 1;, propagates. By comparison, u, then propagates as well.
Remembering that u, solves (1.1) with initial datum a 1p, (g, r,), and that uZ* solves (1.1)
with the equally distributed initial datum o 1(_g, 2 r,/2) and extinguishes, the proof of
Theorem 1.6 is thereby complete. O

Proof of Corollary 1.7. Let f, 0 < Ry < Ly < Ry, a > 0 and the integer n > 2 be given
as in Theorem 1.6. For 7 =0,...,n — 1, set

R, jR R
By gk, !

CjiI 5 0 , de:Cj—i—?.

For each k =0,...,n — 1, define
k—1
— k)R
F® = (U(cj,dj)> U (ck, cr + %) ;
=0

with the convention that the first union is empty when k& = 0.
We note that for every £k =0,...,n —1,

R — k)R
|F(k)|:k_1+u:]gl_
n n
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Moreover,
Ry Ry
FO= (-2 _“21R
( 9 y 92 + 9
which is an interval of length R;, and

n—1
FOU = | J(¢j. dj) = Eo(Ry, Ry).

J=0

Additionally, for k = 0, ...,n—2, F*+D is obtained from F'*) by splitting the connected com-

ponent (cx, ¢ + @) into two disjoint components (cx, di,) and (i1, Cpr1 + —("’k;I)Rl),

By Theorem 1.6, the solution of (1.1) with initial datum « 1 -1y propagates. On the
other hand, since F(*) is an interval of length R; < Lo, the solution of (1.1) with initial
datum o 1 o) extinguishes.

Consider now the finite set of indices

K :={k€{0,...,n—1} : the solution of (1.1) starting from o 1w does not extinguish}.

This set is nonempty because n — 1 € K. Let k, be its smallest element. Since the solution
with initial datum o 1) extinguishes, one has k, > 1. Set

£ = pl—1) F o= ),

Y

Then |€] = |F| = Ry, and the set F is obtained from & by splitting one connected
component of £ into two disjoint components. These sets are of the type described in
the statement of Corollary 1.7, with k& := k,, a; := ¢;_1, b; ;= d;_q for i = 1,...,k — 1,
ay := Cp_1, by := cp_1 + w, by, == dp_1, @} = ¢, and by, := ¢ + %. Lastly,

the solution of (1.1) with initial datum « 1 extinguishes, while the solution of (1.1) with
initial datum o 17 does not. This proves the corollary. O

3.4 Two counter-examples to the mass concentration principle:
proofs of Theorems 1.8 and 1.9

Proof of Theorem 1.8. Throughout the proof, let f : [0, 1] — R be any Lipschitz-continuous
function satisfying f(0) = f(1) = 0 and one of the three following conditions: a) (1.2) holds;
b) there is 6 € (0, 1) such that f =0 on [0,0]U{1} and f >0 on (A,1); c) f > 0on (0,1).

(i) From [10, 19, 25], in cases a) and b), there is a unique real number ¢*, positive, such
that (1.13) (with R = +00) admits traveling front solutions of the type ¢(z — ¢*t), with
¢ : R — (0,1) such that p(—o00) =1 and ¢(4+00) = 0. In case c), there is ¢* > 0 such that
such solutions ¢(x — ct) exist if and only if ¢ > ¢*. In all cases, there is L* > 0 such that,
for any L > L*, the solution U of (1.13) with initial datum

Up :=1(_r/2,1./2)

has maximal existence time +o0o, ranges in [0, 1], converges to 0 as x — £oo for each fixed
t > 0, and converges to 1 as t — 400 locally uniformly in = € R. Furthermore,

VO<y<c <9, max [U{t-)—1 — 0, max U(t,) — 0,
[t t—-+o00 (—o0,—v't]U[y't,+0) t—+o00
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see [10, 19]. In case a), L* is any real number in [L*(1),+o00) with the notation of
Theorem 1.1; in case b), L* is also any large enough positive real number; in case c), one
has L* > 0 in general, but one can take L* = 0 if liminf, o+ f(s)/s® > 0, see [10].

Consider now any L > L*. In addition to the function U of the previous paragraph,
let v be the solution of (1.13) with initial datum

Vo = ]l(—L,L)-

From the previous paragraph, v has maximal existence time +o00, ranges in [0, 1], converges
to 0 as x — +oo for each £ > 0, and

VO<~vy<c <4, max |v(t,-)—1 — 0, max v(t,) — 0.
(=t t—+o0 (=00, =" tJuly't, 4-00) t=4oo

It follows that

3c*t/4 3c*t 3c*t/2
/ U(t,z)dx ~ and / v(t,z)dr ~ 2c*t ast — +oo.
—3c*t/4 2 —3c*t/2

One can then fix in the sequel a real number 7" > 0 such that
3c*T/4 3c*T/2
/ U(T,z)dx > —/ (T, z) dx. (3.18)
—3¢*T/4 —3¢*T/2
Choose now dy > 0 such that

3c*T
2

< L +d,. (3.19)
Consider then any d > dy and 2y € R, and let u be the solution of (1.13) with initial datum

Ug = ]l(aco—L,xo) + ]l(xo+d,xo+d+L)~ (320)
—— ~—_———

=Up(-—zo+L/2) =Up(-—zo—d—L/2)
Notice that ugy = 1(_p 1) = vo. There holds
0 < max (Uo(~ —xo+ L/2),Up(- — g — d — L/2)) <wup <1 inR,
whence
0 <max (U(t,x —xo+ L/2),U(t,x — g —d — L/2)) <ult,z) <1

for all (¢,x) € (0,400) X R from the maximum principle. Together with (3.18), one gets
that

3¢*T/4+xo—L/2 3c*T /44+x0—L/2
/ w(T,xz)dr > / UT,x —xo+ L/2)dx

—3¢*T/d+ao—L/2 —3¢*T/d+ao—L/2
3¢*T/4 1 (312 (3.21)
= / U(T,z)dx > —/ (T, x)dx
—3c*T'/4 —3c*T/2
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and

3c*T /A+xo+d+L/2 3c*T /A+xo+d+L/2
/ w(T,x)dr > / UT, 2 —xy—d—L/2)dx
—3¢*T /d4wo+d+L/2 ~3¢*T/4+ao+d+L/2 (3.22)
3c*T/4 1 3c*T/2 ’
= / U(T,z)dx > —/ (T, x) dx.
—3c*T/4 —3¢+T/2
Since d > dy and L + dy > 25T by (3.19), one has
3c*T L L < 3c* S e4d+
rg— — < — x =
4 7 2= ° 2
Call
7 ( 3c*T n L 3c*T L)
1= \— To — 7, To— 5 )
1 2 4 2 (3.23)
L= ELICIP IRE O X +d+L>
2 -— 4 Zo 9 ; 4 Lo 9 :

These two intervals I; and I, are disjoint and the measure of I; U I5 is equal to 3¢*T. The
inequalities (3.21)-(3.22) then imply that

3c*T/2
/ w(T,x)dx > / (T, x) dx. (3.24)
I1UI> —

3c*T/2
Recalling that «*(T, -) is the Schwarz decreasing rearrangement of the bounded nonnegative

function w(7',-), one concludes that

3c¢*T/2 3c¢*T/2
/ u (T, x)dx > / u(T, x)dx > / (T, x)dx.
73C*T/2 I1Ul> 73C*T/2

This gives (1.19) with ¢ := 7 > 0 and r := 3¢*T/2 > 0.

(ii) Let here R be any positive real number. Consider L > L* > 0,7 > 0, and d > dy > 0
as in part (i) of the proof, and let @ and T be the solutions of (1.1) with respective initial
data

U := L—ajo—1,—d/2)0(d/2,d/2+1) and o =Ty = L 1),

that is, xy := —d/2 in (3.20). Both solutions @ and ¥ have maximal existence time +oo,
range in [0, 1], and one knows by (3.24) that

3c*T/2
/ u(T,x)dx > / (T, x)dz, (3.25)
11Ul —

3c*T/2

where the disjoint intervals I; and I, are given by (3.23) with xy = —d/2, that is,

[_( 3T d L 3T d L) _( 3C*T+d+L3C*T+d L)
TN 4 2 24 2 2/ P s T2 2 4 T2 2
Now, for any real number p such that

30*T+d L
4 2 2

>3c*T/2

d
p>p0::max< §+L>>O,

’
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the following four sets are compactly contained in (—p, p):
(—=d/2 — L,—d/2)U(d/2,d/2+ L), Iy Uy, (—L,L), (—=3c¢"T/2,3¢"T/2). (3.26)

Let u, and v, be the solutions of (1.13) and (1.15) in I, := (—p,p) with respective
initial data 1(_q/2—r1,—a/2)u(d/2,d/2+1) and 1(_r 1y, and with Dirichlet boundary conditions
u,(t, £p) = v,(t,£p) = 0 for ¢ > 0. From the comparison principle, both functions w, and
v, are nonnegative, bounded by 1, have maximal existence time +o0, and satisfy

0 <uw,y(t,z) <u(t,z) <1 and 0<w,(t,z) <v(t,x) <1 (3.27)

for all ¢ > 0 and x € [—p, p]. Observe that both @ and U are even in x (because so are g
and 7p), and denote

M, = trer%(%;g] max {E(t, +p), v(t, :I:p)},
which is a well defined nonnegative real number (and even positive from the strong maximum
principle). Since %, and Ty are compactly supported, there holds that M, — 0 as p — 4o00.
Let A be the Lipschitz norm of the function f on the interval [0, 1]. It then follows from (3.27)
and the maximum principle that, for any p > po,

0 <a(t,x) —u,(t,z) <M, <M, and 0<0(t,x) —v,(t,r) < MM, <M,

for all ¢ € (0,T] and = € [—p, p]. Together with (3.25) and lim,, ~, M, = 0, there exists
then p; > pg such that

3c¢*T/2
/ u,(T, z) de > / v,(T, z) dx, (3.28)
Lol —3c¢*T/2
for all p > py.
Finally, define
pi
M() - ﬁ > 0

For any M > M, denote p := RV M > p;, and
2 2
u(t, z) = up<% t, %x), v(t,x) = ’UP<% t,%x), for (¢t,z) € [0, +00) X [-R, R].

The functions u and v take values in [0,1] in [0,400) X [—R, R], and they satisfy the
equations (1.13) and (1.15) in (—R, R) with M f instead of f, with Dirichlet boundary
conditions (1.16) at x = £R, and with respective initial data

Uo = L—dr/2p)-LR/p—dR/(20) U (@R (20)aR/@o)+LR/p) ANA Vo = L(—LrypLR/p) = U
Since (—p, p) compactly contains the sets listed in (3.26), the set
E:= (—dR/(2p) = LR/p,—dR/(2p)) U (dR/(2p),dR/(2p) + LR/p)

is compactly contained in (—R,R), and so are (—LR/p,LR/p), R(I; U I5)/p, and
(=3c*TR/(2p),3c*T'R/(2p)). Furthermore, calling

TR 3¢'TR

t: e >0 and r:= %

> 0,
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the inequality (3.28) entails that

/ u(t,x)dx>/ v(t,x) du.
R(I1Ul2)/p —r

Since the measure of R(I; U I5)/p is equal to 2r, this implies that

/u*(t,x)dx>/ u(t, z)d.

The function M f and the solutions v and v then provide a counter-example to the mass
concentration principle for the equations (1.13) and (1.15) set in (—R, R) with Dirichlet
boundary conditions (1.16). The proof of Theorem 1.8 is thereby complete. O

Proof of Theorem 1.9. Let g : Ry — R be a C'* function satisfying g(0) = 0 together with
the assumptions (1.2) and (1.8) (with f replaced by ¢) with any p > 3 and A > 0, or with
p € (2,3] and A > A*, where A* is given by Theorem 1.4-(ii). By Theorem 1.4, one has
Lo, > 0 for that function g. Let Ry and Ry be such that 0 < R; < Lo, < R», and fix a
positive real number a and an integer n > 2 as in the statement of Theorem 1.6 (with f
replaced by g). From the choice of « in (3.14), one knows that a > 1. Let

Uo := alg, (g Ry
with F, (R, Rs) defined as in (1.12), and notice that the Schwarz non-increasing rearrange-
ment of Uy is equal to
Uy =« L(—Ri/2,R1/2)-

Let U and V be the solutions of (1.13) and (1.15) (with R = 400), with initial data Uy
and Uj respectively. They both have maximal existence time 1" = +o00, and they are
nonnegative and bounded in (0, +00) X R by « (since g(s) < 0 for s > 1). It follows from
Theorem 1.6 that V(¢,-) — 0 as t — 400 uniformly in R, while U(t,-) — 1 as t — +o0
locally uniformly in R. Finally, define

f(s) = g(zs)’ for s € [0, 1],
and
u(t,z) = U(Z x)7 v(t,x) = V(t,x)’ for (t,z) € Ry x R.

The function f is of class C* on [0, 1] with f(0) =0 and f(1) = % < 0. The functions u
and v range in [0, 1], and they satisfy the equations (1.13) and (1.15) in R, with respective
initial data

u(0,-) = 1, (r1,Ry)s (0,°) = LR, /2,r/2) = u(0,-)",
with F := E,(R;, Ry) bounded. Furthermore,

v(t,-) > 0 as t — +oo uniformly in R,

while )
u(t,-) — — >0 ast — +oo locally uniformly in R.
a

In particular, for any r > 0, there holds

/u*(t,x)dm>/ v(t,x)dx

for every t > 0 large enough. Therefore, (1.17) does not hold, for every ¢ > 0 large enough.
The proof of Theorem 1.9 is thereby complete. O]
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